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Preface to the Fifth Edition

When preparing the first edition of this book, more than ten years ago, we tried to
accomplish two objectives: it should be useful as an advanced graduate textbook, but
also as a reference work for research. With each new edition we have to decide how
the book can be improved further. Of course, it is less and less possible to describe
the growing area comprehensively.

If we included everything that we like, the book would grow beyond a single
volume. Since the book is used for many courses, now even sometimes at under-
graduate level, we thought that adding some classical material might be more useful
than including a selection of the latest results.

In this edition, we added a proof of Cayley’s formula, more details on blocking
flows, the new faster h-matching separation algorithm, an approximation scheme for
multidimensional knapsack, and results concerning the multicommodity max-flow
min-cut ratio and the sparsest cut problem. There are further small improvements in
numerous places and more than 60 new exercises. Of course, we also updated the
references to point to the most recent results and corrected some minor errors that
were discovered.

We would like to thank Takao Asano, Maxim Babenko, Ulrich Brenner,
Benjamin Bolten, Christoph Buchheim, Jean Fonlupt, Andrds Frank, Michael
Gester, Stephan Held, Stefan Hougardy, Hiroshi lida, Klaus Jansen, Alexander
Karzanov, Levin Keller, Alexander Kleff, Niko Klewinghaus, Stefan Knauf, Barbara
Langfeld, Jens Mallberg, Marc Pfetsch, Klaus Radke, Rabe von Randow, Tomads
Salles, Jan Schneider, Christian Schulte, Andrds Seb6, Martin Skutella, Jacint
Szabd, and Simon Wedeking for valuable feedback on the previous edition.

We are pleased that this book has been received so well, and further translations
are on their way. Editions in Japanese, French, Italian, German, Russian, and Chi-
nese have appeared since 2009 or are scheduled to appear soon. We hope that our
book will continue to serve its purpose in teaching and research in combinatorial
optimization.

Bonn, September 2011 Bernhard Korte and Jens Vygen






Preface to the Fourth Edition

With four English editions, and translations into four other languages forthcom-
ing, we are very happy with the development of our book. Again, we have revised,
updated, and significantly extended it for this fourth edition. We have added some
classical material that may have been missed so far, in particular on linear program-
ming, the network simplex algorithm, and the max-cut problem. We have also added
a number of new exercises and up-to-date references. We hope that these changes
serve to make our book an even better basis for teaching and research.

We gratefully acknowledge the continuous support of the Union of the Ger-
man Academies of Sciences and Humanities and the NRW Academy of Sciences
via the long-term research project “Discrete Mathematics and Its Applications”.
We also thank those who gave us feedback on the third edition, in particular
Takao Asano, Christoph Bartoschek, Bert Besser, Ulrich Brenner, Jean Fonlupt,
Satoru Fujishige, Marek Karpinski, Jens MaBberg, Denis Naddef, Sven Peyer, Klaus
Radke, Rabe von Randow, Dieter Rautenbach, Martin Skutella, Markus Struzyna,
Jirgen Werber, Minyi Yue, and Guochuan Zhang, for their valuable comments.
At http://www.or.uni-bonn.de/~vygen/co.html we will continue
to maintain updated information about this book.

Bonn, August 2007 Bernhard Korte and Jens Vygen

VII






Preface to the Third Edition

After five years it was time for a thoroughly revised and substantially extended
edition. The most significant feature is a completely new chapter on facility location.
No constant-factor approximation algorithms were known for this important class of
NP-hard problems until eight years ago. Today there are several interesting and very
different techniques that lead to good approximation guarantees, which makes this
area particularly appealing, also for teaching. In fact, the chapter has arisen from a
special course on facility location.

Many of the other chapters have also been extended significantly. The new mate-
rial includes Fibonacci heaps, Fujishige’s new maximum flow algorithm, flows over
time, Schrijver’s algorithm for submodular function minimization, and the Robins-
Zelikovsky Steiner tree approximation algorithm. Several proofs have been stream-
lined, and many new exercises and references have been added.

We thank those who gave us feedback on the second edition, in particular Takao
Asano, Yasuhito Asano, Ulrich Brenner, Stephan Held, Tomio Hirata, Dirk Miiller,
Kazuo Murota, Dieter Rautenbach, Martin Skutella, Markus Struzyna and Jiirgen
Werber, for their valuable comments. Eminently, Takao Asano’s notes and Jiirgen
Werber’s proofreading of Chapter 22 helped to improve the presentation at various
places.

Again we would like to mention the Union of the German Academies of Sci-
ences and Humanities and the Northrhine-Westphalian Academy of Sciences. Their
continuous support via the long-term project “Discrete Mathematics and Its Appli-
cations” funded by the German Ministry of Education and Research and the State
of Northrhine-Westphalia is gratefully acknowledged.

Bonn, May 2005 Bernhard Korte and Jens Vygen
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Preface to the Second Edition

It was more than a surprise to us that the first edition of this book already went
out of print about a year after its first appearance. We were flattered by the many
positive and even enthusiastic comments and letters from colleagues and the general
readership. Several of our colleagues helped us in finding typographical and other
errors. In particular, we thank Ulrich Brenner, Andrds Frank, Bernd Gértner and
Rolf Mohring. Of course, all errors detected so far have been corrected in this second
edition, and references have been updated.

Moreover, the first preface had a flaw. We listed all individuals who helped us
in preparing this book. But we forgot to mention the institutional support, for which
we make amends here.

It is evident that a book project which took seven years benefited from many
different grants. We would like to mention explicitly the bilateral Hungarian-
German Research Project, sponsored by the Hungarian Academy of Sciences and
the Deutsche Forschungsgemeinschaft, two Sonderforschungsbereiche (special
research units) of the Deutsche Forschungsgemeinschaft, the Ministere Francais de
la Recherche et de la Technologie and the Alexander von Humboldt Foundation for
support via the Prix Alexandre de Humboldt, and the Commission of the European
Communities for participation in two projects DONET. Our most sincere thanks
go to the Union of the German Academies of Sciences and Humanities and to the
Northrhine-Westphalian Academy of Sciences. Their long-term project “Discrete
Mathematics and Its Applications” supported by the German Ministry of Educa-
tion and Research (BMBF) and the State of Northrhine-Westphalia was of decisive
importance for this book.

Bonn, October 2001 Bernhard Korte and Jens Vygen
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Preface to the First Edition

Combinatorial optimization is one of the youngest and most active areas of discrete
mathematics, and is probably its driving force today. It became a subject in its own
right about 50 years ago.

This book describes the most important ideas, theoretical results, and algorithms
in combinatorial optimization. We have conceived it as an advanced graduate text
which can also be used as an up-to-date reference work for current research. The
book includes the essential fundamentals of graph theory, linear and integer pro-
gramming, and complexity theory. It covers classical topics in combinatorial opti-
mization as well as very recent ones. The emphasis is on theoretical results and
algorithms with provably good performance. Applications and heuristics are men-
tioned only occasionally.

Combinatorial optimization has its roots in combinatorics, operations research,
and theoretical computer science. A main motivation is that thousands of real-life
problems can be formulated as abstract combinatorial optimization problems. We
focus on the detailed study of classical problems which occur in many different
contexts, together with the underlying theory.

Most combinatorial optimization problems can be formulated naturally in terms
of graphs and as (integer) linear programs. Therefore this book starts, after an intro-
duction, by reviewing basic graph theory and proving those results in linear and
integer programming which are most relevant for combinatorial optimization.

Next, the classical topics in combinatorial optimization are studied: minimum
spanning trees, shortest paths, network flows, matchings and matroids. Most of
the problems discussed in Chapters 6—14 have polynomial-time (“efficient”) algo-
rithms, while most of the problems studied in Chapters 15-21 are NP-hard, i.e. a
polynomial-time algorithm is unlikely to exist. In many cases one can at least find
approximation algorithms that have a certain performance guarantee. We also men-
tion some other strategies for coping with such “hard” problems.

This book goes beyond the scope of a normal textbook on combinatorial opti-
mization in various aspects. For example we cover the equivalence of optimiza-
tion and separation (for full-dimensional polytopes), O(n?)-implementations of
matching algorithms based on ear-decompositions, Turing machines, the Perfect
Graph Theorem, MAXSNP-hardness, the Karmarkar-Karp algorithm for bin pack-
ing, recent approximation algorithms for multicommodity flows, survivable network

X



X1V Preface to the First Edition

design and the Euclidean traveling salesman problem. All results are accompanied
by detailed proofs.

Of course, no book on combinatorial optimization can be absolutely compre-
hensive. Examples of topics which we mention only briefly or do not cover at all are
tree-decompositions, separators, submodular flows, path-matchings, delta-matroids,
the matroid parity problem, location and scheduling problems, nonlinear prob-
lems, semidefinite programming, average-case analysis of algorithms, advanced
data structures, parallel and randomized algorithms, and the theory of probabilis-
tically checkable proofs (we cite the PCP Theorem without proof).

At the end of each chapter there are a number of exercises containing additional
results and applications of the material in that chapter. Some exercises which might
be more difficult are marked with an asterisk. Each chapter ends with a list of refer-
ences, including texts recommended for further reading.

This book arose from several courses on combinatorial optimization and from
special classes on topics like polyhedral combinatorics or approximation algorithms.
Thus, material for basic and advanced courses can be selected from this book.

We have benefited from discussions and suggestions of many colleagues and
friends and — of course — from other texts on this subject. Especially we owe sincere
thanks to Andrds Frank, Laszl6 Lovasz, Andrds Recski, Alexander Schrijver and
Zoltan Szigeti. Our colleagues and students in Bonn, Christoph Albrecht, Ursula
Biinnagel, Thomas Emden-Weinert, Mathias Hauptmann, Sven Peyer, Rabe von
Randow, André Rohe, Martin Thimm and Jiirgen Werber, have carefully read sev-
eral versions of the manuscript and helped to improve it. Last, but not least we thank
Springer Verlag for the most efficient cooperation.

Bonn, January 2000 Bernhard Korte and Jens Vygen
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1 Introduction

Let us start with two examples.

A company has a machine which drills holes into printed circuit boards. Since it
produces many of these boards it wants the machine to complete one board as fast as
possible. We cannot optimize the drilling time but we can try to minimize the time
the machine needs to move from one point to another. Usually drilling machines can
move in two directions: the table moves horizontally while the drilling arm moves
vertically. Since both movements can be done simultaneously, the time needed to
adjust the machine from one position to another is proportional to the maximum of
the horizontal and the vertical distance. This is often called the £ ,-distance. (Older
machines can only move either horizontally or vertically at a time; in this case the
adjusting time is proportional to the £;-distance, the sum of the horizontal and the
vertical distance.)

An optimum drilling path is given by an ordering of the hole positions
P1,...,Pn such that Z:’;ll d(pi, pi+1) is minimum, where d is the {oo-

distance: for two points p = (x,y) and p’ = (x/,y’) in the plane we write
d(p, p') := max{|x — x'|,|y — »’|}. An order of the holes can be represented by a
permutation, i.e. a bijection  : {1,...,n} — {1,...,n}.

Which permutation is best of course depends on the hole positions; for each list
of hole positions we have a different problem instance. We say that one instance of
our problem is a list of points in the plane, i.e. the coordinates of the holes to be
drilled. Then the problem can be stated formally as follows:

DRILLING PROBLEM
Instance: A setof points py,..., pn € R2.

Task: Find a permutation = : {l,...,n} — {l,...,n} such that
121 d(Pr(iys Pr+1) is minimum.

We now explain our second example. We have a set of jobs to be done, each hav-
ing a specified processing time. Each job can be done by a subset of the employees,
and we assume that all employees who can do a job are equally efficient. Several
employees can contribute to the same job at the same time, and one employee can
contribute to several jobs (but not at the same time). The objective is to get all jobs
done as early as possible.

B. Korte and J. Vygen Combinatorial Optimization, 1
Algorithms and Combinatorics 21, DOI 10.1007/978-3-642-24488-9__1,
© Springer-Verlag Berlin Heidelberg 2012



2 1 Introduction

In this model it suffices to prescribe for each employee how long he or she
should work on which job. The order in which the employees carry out their jobs is
not important, since the time when all jobs are done obviously depends only on the
maximum total working time we have assigned to one employee. Hence we have to
solve the following problem:

JOB ASSIGNMENT PROBLEM

Instance: A set of numbers f1,...,7, € R4 (the processing times for n
jobs), a number m € N of employees, and a nonempty subset
Si € {1,...,m} of employees for each jobi € {1,...,n}.

Task: Find numbers x;; € Ry foralli = 1,...,n and j € S; such that
ZjeS,» xjj =t fori = 1,...,n and max;e(y, . m} Zi:jeSi xij is
minimum.

These are two typical problems arising in combinatorial optimization. How to
model a practical problem as an abstract combinatorial optimization problem is not
described in this book; indeed there is no general recipe for this task. Besides giving
a precise formulation of the input and the desired output it is often important to
ignore irrelevant components (e.g. the drilling time which cannot be optimized or
the order in which the employees carry out their jobs).

Of course we are not interested in a solution to a particular drilling problem or
job assignment problem in some company, but rather we are looking for a way how
to solve all problems of these types. We first consider the DRILLING PROBLEM.

1.1 Enumeration

How can a solution to the DRILLING PROBLEM look like? There are infinitely many
instances (finite sets of points in the plane), so we cannot list an optimum permu-
tation for each instance. Instead, what we look for is an algorithm which, given an
instance, computes an optimum solution. Such an algorithm exists: Given a set of
n points, just try all possible n! orders, and for each compute the {-length of the
corresponding path.

There are different ways of formulating an algorithm, differing mostly in the
level of detail and the formal language they use. We certainly would not accept
the following as an algorithm: “Given a set of n points, find an optimum path and
output it.” It is not specified at all how to find the optimum solution. The above
suggestion to enumerate all possible n! orders is more useful, but still it is not clear
how to enumerate all the orders. Here is one possible way:

We enumerate all n-tuples of numbers 1, ..., n, i.e. all n” vectorsof {1, ..., n}".
This can be done similarly to counting: we start with (1,...,1,1), (1,...,1,2) up
to(1,...,1,n) then switchto (1,...,1,2,1), and so on. At each step we increment

the last entry unless it is already 7, in which case we go back to the last entry that
is smaller than n, increment it and set all subsequent entries to 1. This technique is
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sometimes called backtracking. The order in which the vectors of {1,...,n}" are
enumerated is called the lexicographical order:

Definition 1.1. Ler x,y € R" be two vectors. We say that a vector x is lexico-
graphically smaller than y if there exists anindex j € {1, ...,n} such that x; = y;
fori=1,...,j —landx; <y;.

Knowing how to enumerate all vectors of {1,...,n}" we can simply check for
each vector whether its entries are pairwise distinct and, if so, whether the path
represented by this vector is shorter than the best path encountered so far.

Since this algorithm enumerates n” vectors it will take at least n” steps (in fact,
even more). This is not best possible. There are only n! permutations of {1, ..., n},
and n! is significantly smaller than »". (By Stirling’s formula n!=~ 27m’e'—z
(Stirling [1730]); see Exercise 1.) We shall show how to enumerate all paths in
approximately 12 - n! steps. Consider the following algorithm which enumerates all
permutations in lexicographical order:

PATH ENUMERATION ALGORITHM
Input: A natural number n > 3. A set {p1,..., pn} of points in the plane.

Output: A permutation 7* : {1,...,n} — {1,...,n} with
cost(m™) := Zf’;ll d(Px*(iys Pr*(i+1)) Minimum.

@O Setn(i):=iandn*@):=ifori=1,...,n.Seti :=n—1.
@ Letk :=min({z(@)+1,....,n+ 1} \{x(1),...,n(i — 1)}).
® Ifk <n then:

Set (i) := k.

Ifi = nand cost(x) < cost(7*) then set 7* := 7.
Ifi <nthensetn(i+1):=0andi :=i + 1.

Ifk =n+ 1thenseti ;=i —1.

If i > 1 then go to ).

Starting with (7 (i));=1,... = (1,2,3,...,n—1,n) andi = n—1, the algorithm
finds at each step the next possible value of 7 (i) (not using (1), ...,7(i — 1)).If
there is no more possibility for 7w (i) (i.e. k = n + 1), then the algorithm decre-
ments i (backtracking). Otherwise it sets (i) to the new value. If i = n, the new
permutation is evaluated, otherwise the algorithm will try all possible values for
w(i +1),...,7m(n) and starts by setting (i + 1) := 0 and incrementing ;.

So all permutation vectors (7 (1),...,m(n)) are generated in lexicographical
order. For example, the first iterations in the case n = 6 are shown below:
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m:=(1,2,3,4,56), i:=5
k:=6, 7:=(1,2,3,4,6,0), i:=6
k:=5 =n:=(,2,3,4,6,5), cost(mw) < cost(m*)?
k=1, i:=5
k=17, i =
k:=5 =n:=(1,2,3,505), i:=5
k:=4, 7:=(,2,3,5,4,0), i:=6
k:=6, m:=(1,2,3,54,6), cost(m) < cost(*)?

Since the algorithm compares the cost of each path to 7*, the best path encoun-
tered so far, it indeed outputs the optimum path. But how many steps will this algo-
rithm perform? Of course, the answer depends on what we call a single step. Since
we do not want the number of steps to depend on the actual implementation we
ignore constant factors. On any reasonable computer, ) will take at least 2n + 1
steps (this many variable assignments are done) and at most cn steps for some con-
stant ¢. The following common notation is useful for ignoring constant factors:

Definition 1.2. Let f, g : D — Ry be two functions. We say that f is O(g) (and
sometimes write f = O(g), and also g = Q(f)) if there exist constants a, B > 0
such that f(x) < ag(x)+ B forallx € D.If f = O(g) and g = O(f) we also
say that f = ©(g) (and of course g = O(f)). In this case, f and g have the same
rate of growth.

Note that the use of the equation sign in the O-notation is not symmetric. To
illustrate this definition, let D = N, and let f(n) be the number of elementary steps
in (D and g(n) = n (n € N). Clearly we have f = O(g) (in fact f = ©(g)) in
this case; we say that () takes O(n) time (or linear time). A single execution of Q)
takes a constant number of steps (we speak of O(1) time or constant time) except in
the case k < n and i = n; in this case the cost of two paths have to be compared,
which takes O(n) time.

What about 2)? A naive implementation, checking for each j € {n(i) +
1,...,n}and each h € {1,...,i — 1} whether j = m(h), takes O((n — 7 (i))i)
steps, which can be as big as ®(n?). A better implementation of () uses an auxil-
iary array indexed by 1, ..., n:

® For j:=1tondoaux(j):=0.
For j :=1toi —1doaux(z(j)) :=1.
Setk :=m()+ 1.
While £ < n and aux(k) = 1dok :=k + 1.

Obviously with this implementation a single execution of Q) takes only O(n)
time. Simple techniques like this are usually not elaborated in this book; we assume
that the reader can find such implementations himself or herself.

Having computed the running time for each single step we now estimate the total
amount of work. Since the number of permutations is n! we only have to estimate
the amount of work which is done between two permutations. The counter i might
move back from 7 to some index i’ where a new value 7 (i’) < n is found. Then it
moves forward again up to i = n. While the counter i is constant each of ) and Q)
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is performed once, except in the case k < n and i = n; in this case ) and Q) are
performed twice. So the total amount of work between two permutations consists
of at most 4n times Q) and Q), i.e. O(n?). So the overall running time of the PATH
ENUMERATION ALGORITHM is O (n2n!).

One can do slightly better; a more careful analysis shows that the running time
is only O(n - n!) (Exercise 4).

Still the algorithm is too time-consuming if » is large. The problem with the
enumeration of all paths is that the number of paths grows exponentially with the
number of points; already for 20 points there are 20! = 2432902008176640000 ~
2.4 -10'8 different paths and even the fastest computer needs several years to eval-
uate all of them. So complete enumeration is impossible even for instances of mod-
erate size.

The main subject of combinatorial optimization is to find better algorithms for
problems like this. Often one has to find the best element of some finite set of feasi-
ble solutions (in our example: drilling paths or permutations). This set is not listed
explicitly but implicitly depends on the structure of the problem. Therefore an algo-
rithm must exploit this structure.

In the case of the DRILLING PROBLEM all information of an instance with n
points is given by 2n coordinates. While the naive algorithm enumerates all n! paths
it might be possible that there is an algorithm which finds the optimum path much
faster, say in n2 computation steps. It is not known whether such an algorithm exists
(though results of Chapter 15 suggest that it is unlikely). Nevertheless there are
much better algorithms than the naive one.

1.2 Running Time of Algorithms

One can give a formal definition of an algorithm, and we shall in fact give one in Sec-
tion 15.1. However, such formal models lead to very long and tedious descriptions
as soon as algorithms are a bit more complicated. This is quite similar to mathemat-
ical proofs: Although the concept of a proof can be formalized nobody uses such a
formalism for writing down proofs since they would become very long and almost
unreadable.

Therefore all algorithms in this book are written in an informal language. Still
the level of detail should allow a reader with a little experience to implement the
algorithms on any computer without too much additional effort.

Since we are not interested in constant factors when measuring running times
we do not have to fix a concrete computing model. We count elementary steps, but
we are not really interested in how elementary steps look like. Examples of ele-
mentary steps are variable assignments, random access to a variable whose index is
stored in another variable, conditional jumps (if — then — go to), and simple arith-
metic operations like addition, subtraction, multiplication, division and comparison
of numbers.

An algorithm consists of a set of valid inputs and a sequence of instructions each
of which can be composed of elementary steps, such that for each valid input the
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computation of the algorithm is a uniquely defined finite series of elementary steps
which produces a certain output. Usually we are not satisfied with finite computation
but rather want a good upper bound on the number of elementary steps performed,
depending on the input size.

The input to an algorithm usually consists of a list of numbers. If all these num-
bers are integers, we can code them in binary representation, using O (log(|a| + 2))
bits for storing an integer a. Rational numbers can be stored by coding the numer-
ator and the denominator separately. The input size size(x) of an instance x with
rational data is the total number of bits needed for the binary representation.

Definition 1.3. Let A be an algorithm which accepts inputs from a set X, and
let f : N — Ry. If there exist constants a, 8 > 0 such that A terminates its
computation after at most a.f (size(x)) + P elementary steps (including arithmetic
operations) for each input x € X, then we say that A runs in O(f) time. We also
say that the running time (or the time complexity) of A is O(f).

Definition 1.4. An algorithm with rational input is said to run in polynomial time
if there is an integer k such that it runs in O(n*) time, where n is the input size, and
all numbers in intermediate computations can be stored with O(n*) bits.

An algorithm with arbitrary input is said to run in strongly polynomial time
if there is an integer k such that it runs in O(n*) time for any input consisting of
n numbers and it runs in polynomial time for rational input. In the case k = 1 we
have a linear-time algorithm.

An algorithm which runs in polynomial but not strongly polynomial time is
called weakly polynomial.

Note that the running time might be different for several instances of the same
size (this was not the case with the PATH ENUMERATION ALGORITHM). We con-
sider the worst-case running time, i.e. the function f : N — N where f(n) is the
maximum running time of an instance with input size n. For some algorithms we do
not know the rate of growth of f but only have an upper bound.

The worst-case running time might be a pessimistic measure if the worst case
occurs rarely. In some cases an average-case running time with some probabilistic
model might be appropriate, but we shall not consider this.

If A is an algorithm which for each input x € X computes the output f(x)eY,
then we say that A computes f :X — Y. If a function is computed by some
polynomial-time algorithm, it is said to be computable in polynomial time.

Polynomial-time algorithms are sometimes called “good” or “efficient”. This
concept was introduced by Cobham [1964] and Edmonds [1965]. Table 1.1 moti-
vates this by showing hypothetical running times of algorithms with various time
complexities. For various input sizes n we show the running time of algorithms
that take 100 logn, 10n2, n3>, n'°e" 2" and n! elementary steps; we assume that
one elementary step takes one nanosecond. As always in this book, log denotes the
logarithm with basis 2.
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Table 1.1.

|n |100n logn 1012 n3 nlogn on n!
10 3 us 1 pus 3 us 2 us 1 pus 4 ms
20 9 us 4 us 36 us 420 pus 1 ms 76 years
30 15 us 9 us 148 us 20 ms Is |8-101y.
40 21 us 16 us 404 s 340 ms 1100 s

50 28 us 25 us 884 s 4s 13 days

60 35 us 36 us 2 ms 32s 37 years

80 50 us 64 us 5ms 1075s | 4-107 y.

100 66 us | 100 us 10 ms 5hours [4-1013y.

200 153 us 400 pus 113 ms 12 years

500 448 us 2.5ms 3s | 5-10°y.

1000 1 ms 10 ms 32s |3-1013y.

104 13 ms I's | 28hours

10° 166 ms 100 s 10 years

100 2s | 3hours 3169 y.

107 23s | 12days 107 y.

108 266s | 3years |3-1010y.

1010 9hours [3-10%y.

1012 46 days [3-108y.

As Table 1.1 shows, polynomial-time algorithms are faster for large enough
instances. The table also illustrates that constant factors of moderate size are not

very important when considering the asymptotic growth of the running time.

Table 1.2 shows the maximum input sizes solvable within one hour with the
above six hypothetical algorithms. In (a) we again assume that one elementary
step takes one nanosecond, (b) shows the corresponding figures for a ten times
faster machine. Polynomial-time algorithms can handle larger instances in reason-
able time. Moreover, even a speedup by a factor of 10 of the computers does not
increase the size of solvable instances significantly for exponential-time algorithms,

but it does for polynomial-time algorithms.

Table 1.2.
| |100n logn | 1012 | n3> |n1°g" |2" |n! |
(@) | 1.19-10° | 60000 |3868 87 |41 |15
(b) | 10.8-10° [189737 |7468 104 |45 |16
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(Strongly) polynomial-time algorithms, if possible linear-time algorithms, are
what we look for. There are some problems where it is known that no polynomial-
time algorithm exists, and there are problems for which no algorithm exists at all.
(For example, a problem which can be solved in finite time but not in polynomial
time is to decide whether a so-called regular expression defines the empty set; see
Aho, Hopcroft and Ullman [1974]. A problem for which there exists no algorithm
at all, the HALTING PROBLEM, is discussed in Exercise 1 of Chapter 15.)

However, almost all problems considered in this book belong to the follow-
ing two classes. For the problems of the first class we have a polynomial-time
algorithm. For each problem of the second class it is an open question whether a
polynomial-time algorithm exists. However, we know that if one of these problems
has a polynomial-time algorithm, then all problems of this class do. A precise for-
mulation and a proof of this statement will be given in Chapter 15.

The JOB ASSIGNMENT PROBLEM belongs to the first class, the DRILLING
PROBLEM belongs to the second class.

These two classes of problems divide this book roughly into two parts. We
first deal with tractable problems for which polynomial-time algorithms are known.
Then, starting with Chapter 15, we discuss hard problems. Although no polynomial-
time algorithms are known, there are often much better methods than complete enu-
meration. Moreover, for many problems (including the DRILLING PROBLEM), one
can find approximate solutions within a certain percentage of the optimum in poly-
nomial time.

1.3 Linear Optimization Problems

We now consider our second example given initially, the JOB ASSIGNMENT PROB-
LEM, and briefly address some central topics which will be discussed in later
chapters.

The JOB ASSIGNMENT PROBLEM is quite different to the DRILLING PROBLEM
since there are infinitely many feasible solutions for each instance (except for trivial
cases). We can reformulate the problem by introducing a variable T for the time
when all jobs are done:

min T

S.t. Xij = 1 (ie{l,....,n})
gS: / (1.1)

xij =0 (i ef{l,...,n}, jeS)
injST (je{l,...,m})

ijes;

The numbers #; and the sets S; (i = 1,...,n) are given, the variables x;; and T’
are what we look for. Such an optimization problem with a linear objective function
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and linear constraints is called a linear program. The set of feasible solutions of
(1.1), a so-called polyhedron, is easily seen to be convex, and one can prove that
there always exists an optimum solution which is one of the finitely many extreme
points of this set. Therefore a linear program can, theoretically, also be solved by
complete enumeration. But there are much better ways as we shall see later.

Although there are several algorithms for solving linear programs in general,
such general techniques are usually less efficient than special algorithms exploiting
the structure of the problem. In our case it is convenient to model the sets S;, i =
1,...,n,byagraph. Foreach job i and for each employee j we have a point (called
vertex), and we connect employee j with jobi by an edge if he or she can contribute
to this job (i.e. if j € §;). Graphs are a fundamental combinatorial structure; many
combinatorial optimization problems are described most naturally in terms of graph
theory.

Suppose for a moment that the processing time of each job is one hour, and we
ask whether we can finish all jobs within one hour. So we look for numbers x;;
(ief{l,....n}, j €S;)suchthat0 < x;; < 1foralli and j, ZjeSi xij = 1 for
i=1,...,n,and Zi:jeSi xij < lfor j = 1,...,n. One can show that if such a
solution exists, then in fact an integral solution exists, i.e. all x;; are either O or 1.
This is equivalent to assigning each job to one employee, such that no employee
has to do more than one job. In the language of graph theory we then look for a
matching covering all jobs. The problem of finding optimal matchings is one of the
best-known combinatorial optimization problems.

We review the basics of graph theory and linear programming in Chapters 2
and 3. In Chapter 4 we prove that linear programs can be solved in polynomial
time, and in Chapter 5 we discuss integral polyhedra. In the subsequent chapters we
discuss some classical combinatorial optimization problems in detail.

1.4 Sorting

Let us conclude this chapter by considering a special case of the DRILLING PROB-
LEM where all holes to be drilled are on one horizontal line. So we are given just
one coordinate for each point p;,7 = 1,...,n. Then a solution to the drilling prob-
lem is easy, all we have to do is sort the points by their coordinates: the drill will
just move from left to right. Although there are still n! permutations, it is clear
that we do not have to consider all of them to find the optimum drilling path, i.e.
the sorted list. It is very easy to sort n numbers in nondecreasing order in O(n?)
time.

To sort n numbers in O(nlogn) time requires a little more skill. There are
several algorithms accomplishing this; we present the well-known MERGE-SORT
ALGORITHM. It proceeds as follows. First the list is divided into two sublists of
approximately equal size. Then each sublist is sorted (this is done recursively by the
same algorithm). Finally the two sorted sublists are merged together. This general
strategy, often called “divide and conquer”, can be used quite often. See e.g. Sec-
tion 17.1 for another example.
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We did not discuss recursive algorithms so far. In fact, it is not necessary to
discuss them, since any recursive algorithm can be transformed into a sequential
algorithm without increasing the running time. But some algorithms are easier to
formulate (and implement) using recursion, so we shall use recursion when it is
convenient.

MERGE-SORT ALGORITHM
Input: Alistaq,...,ay, of real numbers.

Output: A permutation 7 : {1,...,n} — {1,...,n} such that a,;) < axq+1)
foralli =1,...,n—1.

If n = 1 then set (1) := 1 and stop (return ).

®
@ Setm:=|%|.
Let p :=MERGE-SORT(ay,...,am).
Let 0 :=MERGE-SORT(@y+1, - .- ,0n).
® Setk:=1,1:=1.
While kK <mand! < n —m do:
Ifa,) < amyoq) thensetw(k +1 —1) := p(k) and k :=k + 1
elsesetn(k +/—1):=m+o()and! :=1+ 1.
While k <mdo: Setw(k +1—1):=p(k)and k :=k + 1.
While/ <n—mdo:Setn(k +1—1):=m+o()and! =1+ 1.

As an example, consider the list “69,32,56,75,43,99,28”. The algorithm first
splits this list into two, “69,32,56” and “75,43,99,28” and recursively sorts each
of the two sublists. We get the permutations p = (2,3,1) and 0 = (4,2,1,3)
corresponding to the sorted lists “32,56,69” and “28,43,75,99”. Now these lists are
merged as shown below:

k=1, | =1

p(l) =2, o(l) =4, ayq) =32, asq) =28, =(1):=7, [:=2
p(l) =2, 0(2) =2, apq) =32, asp) =43, 7(2):=2, k:=2

p(2) =3, 0(2) =2, app) =56, asp) =43, 7(3):=5, [:=3
p(2) =3, 0(3) =1, ayp =56, asz =75 n(4):=3, k:=3
p3) =1 0(B) =1, ay3 =69, as@ =75 =n(5):=1, k:=4

o(3) =1, asz) =175, w(6) :=4, [ =4

o(4) =3, asy =99, w(7):=6, =5

Theorem 1.5. The MERGE-SORT ALGORITHM works correctly and runs in
O(nlogn) time.

Proof: The correctness is obvious. We denote by 7(7) the running time (number
of steps) needed for instances consisting of 7 numbers and observe that 7(1) = 1
and T(n) = T(|5]) + T([51) + 3n + 6. (The constants in the term 3n 4 6 depend
on how exactly a computation step is defined; but they do not really matter.)
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We claim that this yields 7'(n) < 12nlogn + 1. Since this is trivial forn = 1 we
proceed by induction. For n > 2, assuming that the inequality is true for 1, ..., n—1,
we get

T()<12L”J1 2 +1+12[”]1 2) 414346
n — |log | =n — |log | =n n
=218 \3 2 17°8\3
= 12n(logn + 1 —1log3) +3n + 8
13
< 12n10gn—7n+3n+8 < 12nlogn + 1,

37
because log 3 > 34- |

Of course the algorithm works for sorting the elements of any totally ordered
set, assuming that we can compare any two elements in constant time. Can there be
a faster, a linear-time algorithm? Suppose that the only way we can get information
on the unknown order is to compare two elements. Then we can show that any
algorithm needs at least ®(n logn) comparisons in the worst case. The outcome
of a comparison can be regarded as a zero or one; the outcome of all comparisons
an algorithm does is a 0-1-string (a sequence of zeros and ones). Note that two
different orders in the input of the algorithm must lead to two different 0-1-strings
(otherwise the algorithm could not distinguish between the two orders). For an input
of n elements there are n! possible orders, so there must be n! different 0-1-strings
corresponding to the computation. Since the number of 0-1-strings with length less
than |5 log% | is ol5mles] < 28les = (%)% < n! we conclude that the
maximum length of the 0-1-strings, and hence of the computation, must be at least
5log5 = O(nlogn).

In the above sense, the running time of the MERGE-SORT ALGORITHM is opti-
mal up to a constant factor. However, there is an algorithm for sorting integers (or
sorting strings lexicographically) whose running time is linear in the input size; see
Exercise 8. An algorithm to sort n integers in O(n loglogn) time was proposed by
Han [2004].

Lower bounds like the one above are known only for very few problems (except
trivial linear bounds). Often a restriction on the set of operations is necessary to
derive a superlinear lower bound.

Exercises

1. Prove that for all n € N:

n\”n n\”n
e(—) fnlfen(—) .
e e

Hint: Use 1 + x < e* forall x € R.
2. Prove that log(n!) = ©(nlogn).
3. Prove that nlogn = O(n'*€) for any € > 0.
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4. Show that the running time of the PATH ENUMERATION ALGORITHM is
O(n-n').

5. Show that there is a polynomial-time algorithm for the DRILLING PROBLEM
where d is the £;-distance if and only if there is one for £ -distance.

Note: Both is unlikely as the problems were proved to be NP-hard (this will be
explained in Chapter 15) by Garey, Graham and Johnson [1976].

6. Suppose we have an algorithm whose running time is ©(n (¢ + n'/?)), where n
is the input length and 7 is a positive parameter we can choose arbitrarily. How
should ¢ be chosen (depending on 7) such that the running time (as a function
of n) has a minimum rate of growth?

7. Let s, t be binary strings, both of length m. We say that s is lexicographically
smaller than ¢ if there exists an index j € {1,...,m} such thats; = t; for
i =1,...,j —lands; < t;. Now given n strings of length m, we want to
sort them lexicographically. Prove that there is a linear-time algorithm for this
problem (i.e. one with running time O (nm)).

Hint: Group the strings according to the first bit and sort each group.

8. Describe an algorithm which sorts a list of natural numbers ay, ..., a, in linear
time; i.e. which finds a permutation 7w with @) < ar+1 (i =1,...,n—1)
and runs in O(log(a; + 1) + --- + log(a, + 1)) time.

Hint: First sort the strings encoding the numbers according to their length. Then
apply the algorithm of Exercise 7.

Note: The algorithm discussed in this and the previous exercise is often called
radix sorting.
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2 Graphs

Graphs are a fundamental combinatorial structure used throughout this book. In this
chapter we not only review the standard definitions and notation, but also prove
some basic theorems and mention some fundamental algorithms.

After some basic definitions in Section 2.1 we consider fundamental objects
occurring very often in this book: trees, circuits, and cuts. We prove some important
properties and relations, and we also consider tree-like set systems in Section 2.2.
The first graph algorithms, determining connected and strongly connected compo-
nents, appear in Section 2.3. In Section 2.4 we prove Euler’s Theorem on closed
walks using every edge exactly once. Finally, in Sections 2.5 and 2.6 we consider
graphs that can be drawn in the plane without crossings.

2.1 Basic Definitions

An undirected graph is a triple (V, E, V), where V' and E are finite sets and W :
E — {X €V :|X| = 2}. A directed graph or digraph is a triple (V, E, V),
where V and E are finite sets and ¥ : £ — {(v,w) € V xV : v # w}. By
a graph we mean either an undirected graph or a digraph. The elements of V' are
called vertices, the elements of E are the edges.

Edges e, ¢’ with e # ¢’ and W(e) = W(e’) are called parallel. Graphs without
parallel edges are called simple. For simple graphs we usually identify an edge e
with its image W(e) and write G = (V(G), E(G)), where E(G) € {X C V(G) :
|X| = 2} or E(G) € V(G) x V(G). We often use this simpler notation even in
the presence of parallel edges, then the “set” E(G) may contain several “identical”
elements. | E(G)| denotes the number of edges, and for two edge sets £ and F we
always have |E U F| = | E| + |F| even if parallel edges arise. We write ¢ = {v, w}
or e = (v, w) for each edge e with W(e) = {v, w} or W(e) = (v, w), respectively.

We say that an edge e = {v, w} ore = (v, w) joins v and w. In this case, v and
w are adjacent. v is a neighbour of w (and vice versa). v and w are the endpoints
of e. If v is an endpoint of an edge e, we say that v is incident with e. In the directed
case we say that e = (v, w) leaves v (the tail of ¢) and enters w (the head of ¢).
Two edges which share at least one endpoint are called adjacent.

This terminology for graphs is not the only one. Sometimes vertices are called
nodes or points, other names for edges are arcs (especially in the directed case) or
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lines. In some texts, a graph is what we call a simple undirected graph, in the pres-
ence of parallel edges they speak of multigraphs. Sometimes edges whose endpoints
coincide, so-called loops, are considered. However, unless otherwise stated, we do
not use them.

For a digraph G we sometimes consider the underlying undirected graph, i.e.
the undirected graph G’ on the same vertex set which contains an edge {v, w} for
each edge (v, w) of G (so |E(G’)| = |E(G)|). We also say that G is an orientation
of G'.

A subgraph of a graph G = (V(G), E(G)) is a graph H = (V(H), E(H))
with V(H) € V(G) and E(H) € E(G). We also say that G contains H. H is an
induced subgraph of G if it is a subgraph of G and E(H) = {{x,y} € E(G) :
x,y € V(H)}or E(H) = {(x,y) € E(G) : x,y € V(H)}. Here H is the
subgraph of G induced by V(H). We also write H = G[V(H)]. A subgraph H of
G is called spanning if V(H) = V(G).

If v € V(G), we write G — v for the subgraph of G induced by V(G) \ {v}. If
e € E(G), we define G —e := (V(G), E(G) \ {e}). We also use this notation for
deleting a set X of vertices or edges and write G — X . Furthermore, the addition of
a new edge e is abbreviated by G + ¢ := (V(G), E(G) U {e}). If G and H are
two graphs, we denote by G + H the graph with V(G + H) = V(G) U V(H) and
E(G + H) being the disjoint union of £(G) and E(H) (parallel edges may arise).
A family of graphs is called vertex-disjoint or edge-disjoint if their vertex sets or
edge sets are pairwise disjoint, respectively.

Two graphs G and H are called isomorphic if there are bijections ®yp :
V(G) — V(H) and @ : E(G) — E(H) such that ®g((v,w)) = (Py(v),
dy (w)) for all (v,w) € E(G), or Dg({v, w}) = {Py(v), Py (w)} for all {v, w}
€ E(G) in the undirected case. We normally do not distinguish between isomor-
phic graphs; for example we say that G contains H if G has a subgraph isomorphic
to H.

Suppose we have an undirected graph G and X € V(G). By contracting (or
shrinking) X we mean deleting the vertices in X and the edges in G[X], adding a
new vertex x and replacing each edge {v, w} withv € X, w ¢ X by an edge {x, w}
(parallel edges may arise). Similarly for digraphs. We often call the result G/ X .

For a graph G and X,Y < V(G) we define E(X,Y) = {{x,y} € E(G) :
x € X\Y,yeY\X}if G isundirected and E¥(X,Y) := {(x,y) € E(G) :
x e X\Y, yeY\ X}if G is directed. For undirected graphs G and X € V(G)
we define §(X) := E(X,V(G) \ X). The set of neighbours of X is defined by
r'x) :={v e V(G)\ X : E(X,{v}) # @}. For digraphs G and X < V(G)
we define T (X) = ET(X,V(G)\ X), §(X) := 8T(V(G) \ X) and §(X) :=
8T (X)US™ (X). We use subscripts (e.g. § (X)) to specify the graph G if necessary.

For singletons, i.e. one-element vertex sets {v} (v € V(G)) we write §(v) :=
§({v}), T(v) := T({v}), §T(v) := §t({v}) and §~(v) := 8§ ({v}). The degree
of a vertex v is |[6(v)[, the number of edges incident to v. In the directed case, the
in-degree is |§(v)|, the out-degree is |5 (v)|, and the degree is | (v)| + |6~ (v)].
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A vertex with degree zero is called isolated. A graph where all vertices have degree
k is called k-regular.

For any graph, ZveV(G) |6(v)| = 2| E(G)|. In particular, the number of vertices
with odd degree is even. In a digraph, Y~ cy ) 6T (V)] = X yep(6) 167 ()] To
prove these statements, please observe that each edge is counted twice on each side
of the first equation and once on each side of the second equation. With just a little
more effort we get the following useful statements:

Lemma 2.1. For a digraph G and any two sets X,Y < V(G):

@ [8TXO+[8T()] = [T XNY)[+[8T(XUY)|+ET(X. V)| +|EF (Y. X)];
(b) [~ +[5~ @) = [87(XNY)[+[6(XUY)|+|ET(X. V)| +|EF (Y. X)|.

For an undirected graph G and any two sets X, Y C V(G):

© B[+ [6(Y)] = [8(X NY)[+[5(X UY)| +2[E(X,Y)|;
(D B[+ 8] = [B(X\Y)[+[6(Y \ X)|+2[E(X NY, V(G)\ (X UY))[;
@ [P+ T =z [FXNY)[+ DX UY)|.

Proof: All parts can be proved by simple counting arguments. Let Z := V(G) \
(XuY).

To prove (a), observe that |§(X) |+ |81 (Y)| = |[ET(X, Z)|+|ET (X, Y\ X)|+
|[ET(Y,Z)|+|ET(Y,X\Y)| = |ET(XUY,2)|+|ET(XNY,Z)|+|ET(X, Y\
|+HETX, X\Y)| = T(XUY)|+[§T(XNY)|+|ET(X,Y)|+|ET (Y, X)|.

(b) follows from (a) by reversing each edge (replace (v, w) by (w, v)). (c¢) fol-
lows from (a) by replacing each edge {v, w} by a pair of oppositely directed edges
(v, w) and (w, v). Substituting ¥ by V(G) \ Y in (c) yields (d).

To show (e), observe that [T'(X)|+ |T(Y)| = [T(X UY)|+ |[T(X)NTY)| +
ITX)NY|+|IY)NnX| > |IXUY)|+|I'(XNY). O

A function f : 2Y — R (where U is some finite set and 2U denotes its power
set) is called

e submodularif /(X NY)+ f(XUY) < f(X)+ f(Y)forall X,Y C U;
e supermodularif /(X NY)+ f(XUY)> f(X)+ f(Y)forall X,Y CU;
e modularif f/(XNY)+ f(XUY)= f(X)+ f(Y)forall X,Y CU.

So Lemma 2.1 implies that |§1|, |§|, |§| and |T"| are submodular. This will be useful
later.

A complete graph is a simple undirected graph where each pair of vertices is
adjacent. We denote the complete graph on n vertices by K,,. The complement of a
simple undirected graph G is the graph H for which V(G) = V(H) and G + H is
a complete graph.

A matching in an undirected graph G is a set of pairwise disjoint edges (i.e.
the endpoints are all different). A vertex cover in G is a set S € V(G) of vertices
such that every edge of G is incident to at least one vertex in S. An edge cover
in G isaset FF € E(G) of edges such that every vertex of G is incident to at
least one edge in F. A stable set in G is a set of pairwise non-adjacent vertices.
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A graph containing no edges is called empty. A clique is a set of pairwise adjacent
vertices.

Proposition 2.2. Let G be a graphand X C V(G). Then the following three state-
ments are equivalent:

(a) X is a vertex cover in G,
(b) V(G) \ X is a stable set in G,
(c) V(G)\ X is a clique in the complement of G. o

If F is a family of sets or graphs, we say that F' is a minimal element of F if
F contains F but no proper subset/subgraph of F. Similarly, F' is maximal in F
if F € F and F is not a proper subset/subgraph of any element of 7. When we
speak of a minimum or maximum element, we mean one of minimum/maximum
cardinality.

For example, a minimal vertex cover is not necessarily a minimum vertex cover
(see e.g. the graph in Figure 13.1), and a maximal matching is in general not max-
imum. The problems of finding a maximum matching, stable set or clique, or a
minimum vertex cover or edge cover in an undirected graph will play important
roles in later chapters.

The line graph of a simple undirected graph G is the graph (E(G), F'), where
F = {{e1,e2} : e1,e2 € E(G), |e; Nez| = 1}. Obviously, matchings in a graph G
correspond to stable sets in the line graph of G.

For the following notation, let G be a graph, directed or undirected. An edge
progression W in G (from v; to vi1) is a sequence vy, €1, V2, ..., Uk, €k, Vgk+1
such that k > 0, and ¢; = (vj,vi4+1) € E(G) or ¢; = {v;,vit+1} € E(G) for
i =1,...,k.Ifin addition e; # e; forall 1 <i < j <k, W is called a walk in
G. W isclosed if v = vgyq.

A path is a graph P = ({vi,...,Vk+1}.{e1....,ex}) such that v; # v; for
1 <i < j <k + 1 and the sequence vy, e1, V2, ..., Vg, €k, Vgt is a walk. P is
also called a path from v; to vgyq or a vi-vg41-path. v; and vg4; are the end-
points of P, v,, ..., v are its internal vertices. By P, ,j with x,y € V(P) we
mean the (unique) subgraph of P which is an x-y-path. Evidently, there is an edge
progression from a vertex v to another vertex w if and only if there is a v-w-path.

A circuit or a cycle is a graph ({vy,...,v¢},{e1,...,ex}) such that the
sequence Vg, €1, V2, ..., Uk, €k, U1 is a (closed) walk with k& > 2 and v; # v;
for1 <i < j < k. An easy induction argument shows that the edge set of a closed
walk can be partitioned into edge sets of circuits.

By an undirected path or an undirected circuit in a digraph, we mean a sub-
graph corresponding to a path or circuit, respectively, in the underlying undirected
graph.

The length of a path or circuit is the number of its edges. If it is a subgraph of
G, we speak of a path or circuitin G. A spanning path in G is called a Hamiltonian
path while a spanning circuit in G is called a Hamiltonian circuit or a tour. A
graph containing a Hamiltonian circuit is a Hamiltonian graph.
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For two vertices v and w we write dist(v, w) or distg (v, w) for the length of a
shortest v-w-path (the distance from v to w) in G. If there is no v-w-path at all,
i.e. w is not reachable from v, we set dist(v, w) := oo. In the undirected case,
dist(v, w) = dist(w, v) forall v, w € V(G).

We shall often have a weight (or cost) function ¢ : E(G) — R. Then for F C
E(G) we write ¢(F) := ), c(e) (and ¢(@) = 0). This extends ¢ to a modular
function ¢ : 2E(9 — R. Moreover, dist(g,¢) (v, w) denotes the minimum c (E(P))
over all v-w-paths P in G.

2.2 Trees, Circuits, and Cuts

An undirected graph G is called connected if there is a v-w-path for all v,w €
V(G); otherwise G is disconnected. A digraph is called connected if the underlying
undirected graph is connected. The maximal connected subgraphs of a graph are its
connected components. Sometimes we identify the connected components with the
vertex sets inducing them. A set of vertices X is called connected if the subgraph
induced by X is connected. A vertex v with the property that G — v has more
connected components than G is called an articulation vertex. An edge e is called
a bridge if G — e has more connected components than G.

An undirected graph without a circuit (as a subgraph) is called a forest. A con-
nected forest is a tree. A vertex of degree at most 1 in a tree is called a leaf. A star
is a tree where at most one vertex is not a leaf.

In the following we shall give some equivalent characterizations of trees and
their directed counterparts, arborescences. We need the following connectivity
criterion:

Proposition 2.3.

(a) An undirected graph G is connected if and only if §(X) # @ forall @ # X C
V(G).

(b) Let G be a digraph and r € V(G). Then there exists an r-v-path for every
v € V(G) ifand only if §t(X) # @ forall X C V(G) withr € X.

Proof: (a): Ifthereisaset X C V(G) withr € X,v € V(G) \ X, and §(X) =
@, there can be no r-v-path, so G is not connected. On the other hand, if G is
not connected, there is no r-v-path for some r and v. Let R be the set of vertices
reachable from 7. We have r € R, v ¢ R and §(R) = 0.

(b) is proved analogously. O

Theorem 2.4. Let G be an undirected graph on n vertices. Then the following
statements are equivalent:

(a) G is atree (i.e. is connected and has no circuits).
(b) G has n — 1 edges and no circuits.

(¢) G hasn — 1 edges and is connected.

(d) G is connected and every edge is a bridge.
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(e) G satisfies 5(X) # O forall @ # X C V(G), but deleting any edge would
destroy this property.

() G is a forest, but the addition of an arbitrary edge would create a circuit.

(g) G contains a unique path between any pair of vertices.

Proof: (a)=-(g) follows from the fact that the union of two distinct paths with the
same endpoints contains a circuit.

(g)=(e)=(d) follows from Proposition 2.3(a).

(d)=(f) is trivial.

(f)=(b)=>(c): This follows from the fact that for forests with n vertices, m edges
and p connected components n = m + p holds. (The proof is a trivial induction on
m.)

(c)=(a): Let G be connected with n — 1 edges. As long as there are any circuits
in G, we destroy them by deleting an edge of the circuit. Suppose we have deleted
k edges. The resulting graph G’ is still connected and has no circuits. G’ has m =
n—1—kedges.Son=m+p=n—1—k+1,implyingk = 0. O

In particular, (d)=>(a) implies that a graph is connected if and only if it contains
a spanning tree (a spanning subgraph which is a tree).

A digraph is a branching if the underlying undirected graph is a forest and each
vertex v has at most one entering edge. A connected branching is an arborescence.
By Theorem 2.4 an arborescence with n vertices has n — 1 edges, hence it has
exactly one vertex r with §~(r) = @. This vertex is called its root; we also speak of
an arborescence rooted at r. For a vertex v in a branching, the vertices w for which
(v, w) is an edge are called the children of v. For a child w of v, v is called the
parent or predecessor of w. Vertices without children are called leaves.

Theorem 2.5. Let G be a digraph on n vertices. Then the following statements are
equivalent:

(a) G is an arborescence rooted at r (i.e. a connected branching with §~(r) = @).

(b) G is a branching with n — 1 edges and §~(r) = @.

(¢) G hasn — 1 edges and every vertex is reachable from r.

(d) Every vertex is reachable from r, but deleting any edge would destroy this prop-
erty.

(e) G satisfies §T(X) # @ forall X C V(G) with r € X, but deleting any edge
would destroy this property.

) 6§~ (r) = @, and there is a unique walk from r to v for eachv € V(G) \ {r}.

(g) 67(r)=9,16"(v)| =1forallv e V(G)\ {r}, and G contains no circuit.

Proof: (a)=-(b) and (c)=(d) follow from Theorem 2.4.

(b)=(c): We have that |§~(v)| = 1 forallv € V(G) \ {r}. So for any v we have
an r-v-path (start at v and always follow the entering edge until r is reached).

(d)<>(e) is implied by Proposition 2.3(b).

(d)=(f): Any edge in §~(r) could be deleted without destroying reachability
from r. Suppose that, for some v € V(G), there are two r-v-walks P and Q. Lete
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be the last edge of P that does not belong to Q. Then after deleting e, every vertex
is still reachable from r.

(f)=(g): If every vertex is reachable from r and |6~ (v)| > 1 for some vertex
v € V(G) \ {r}, then we have two walks from r to v. If G contains a circuit C, let
v € V(C), consider the r-v-path P, and let x be the first vertex on P belonging to
C. Then there are two walks from r to x: Py ], and P, ] plus C.

(g)=(a): If |6~ (v)| < 1, every undirected circuit is a (directed) circuit. O

A cut in an undirected graph G is an edge set of type §(X) for some @ # X C
V(G). In adigraph G, §7(X) is a directed cut if @ # X C V(G)and §~(X) = @,
i.e. no edge enters the set X.

We say that an edge set F' C E(G) separates two vertices s and ¢ if ¢ is reach-
able from s in G but not in (V(G), E(G) \ F). An s-t-cut in an undirected graph
isacut §(X) for some X C V(G) withs € X and ¢ ¢ X. In a digraph, an s-z-cut
is an edge set §7(X) with s € X and ¢ ¢ X. An r-cut in a digraph is an edge set
81 (X) for some X C V(G) withr € X.

An undirected cut in a digraph is an edge set corresponding to a cut in the
underlying undirected graph, i.e., §(X) for some 8 # X C V(G).

Lemma 2.6. (Minty [1960]) Let G be a digraph and e € E(G). Suppose e is
coloured black, while all other edges are coloured red, black or green. Then exactly
one of the following statements holds:

(a) There is an undirected circuit containing e and only red and black edges such
that all black edges have the same orientation.

(b) There is an undirected cut containing e and only green and black edges such
that all black edges have the same orientation.

Proof: Let e = (x,y). We label the vertices of G by the following procedure.
First label y. In case v is already labelled and w is not, we label w if there is a
black edge (v, w), a red edge (v, w) or a red edge (w, v). In this case, we write
pred(w) :=v.

When the labelling procedure stops, there are two possibilities:
Case 1:  x has been labelled. Then the vertices x, pred(x), pred(pred(x)), ..., y
form an undirected circuit with the property (a).
Case 2:  x has not been labelled. Then let R consist of all labelled vertices. Obvi-
ously, the undirected cut §(R) U §~(R) has the property (b).

Suppose that an undirected circuit C as in (a) and an undirected cut §*(X) U
87 (X) as in (b) both exist. All edges in their (nonempty) intersection are black, they
all have the same orientation with respect to C, and they all leave X or all enter X.
This is a contradiction. O

A digraph is called strongly connected if there is a path from s to ¢ and a path
from ¢ to s for all 5,7 € V(G). The strongly connected components of a digraph
are the maximal strongly connected subgraphs.

Corollary 2.7. In a digraph G, each edge belongs either to a (directed) circuit or
to a directed cut. Moreover the following statements are equivalent:
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(a) G is strongly connected.
(b) G contains no directed cut.
(c) G is connected and each edge of G belongs to a circuit.

Proof: The first statement follows directly from Minty’s Lemma 2.6 by colouring
all edges black. This also proves (b)=(c).

(a)=>(b) follows from Proposition 2.3(b).

(c)=(a): Let r € V(G) be an arbitrary vertex. We prove that there is an r-v-
path for each v € V(G). Suppose this is not true, then by Proposition 2.3(b) there
is some X C V(G) with r € X and §T(X) = 0. Since G is connected, we have
§T(X) U8 (X) # @ (by Proposition 2.3(a)), so let e € §~(X). But then e cannot
belong to a circuit since no edge leaves X . O

Corollary 2.7 and Theorem 2.5 imply that a digraph is strongly connected if and
only if it contains for each vertex v a spanning arborescence rooted at v.

A digraph is called acyclic if it contains no (directed) circuit. So by Corollary
2.7 a digraph is acyclic if and only if each edge belongs to a directed cut. More-
over, a digraph is acyclic if and only if its strongly connected components are the
singletons. The vertices of an acyclic digraph can be ordered in a nice way:

Definition 2.8. Let G be a digraph. A topological order of G is an order of the
vertices V(G) = {v1,...,vn} such that for each edge (v;i,v;) € E(G) we have
i<j.

Proposition 2.9. A digraph has a topological order if and only if it is acyclic.

Proof: If a digraph has a circuit, it clearly cannot have a topological order. We
show the converse by induction on the number of edges. If there are no edges,
every order is topological. Otherwise let e € E(G); by Corollary 2.7 e belongs
to a directed cut §*(X). Then a topological order of G[X] followed by a topologi-
cal order of G — X (both exist by the induction hypothesis) is a topological order of
G. O

Circuits and cuts also play an important role in algebraic graph theory. For a
graph G we associate a vector space R (©) whose elements are vectors (Xe)ecE(G)
with | E(G)| real components. Following Berge [1985] we shall now briefly discuss
two linear subspaces which are particularly important.

Let G be a digraph. We associate a vector £(C) € {—1,0, 1}£(® with each
undirected circuit C in G by setting {(C), = 0 fore ¢ E(C), and setting {(C), €
{—1,1} for e € E(C) such that reorienting all edges e with {(C), = —1 results in
a directed circuit. Similarly, we associate a vector { (D) € {—1,0, 1}£(© with each
undirected cut D = §(X) in G by setting {(D), = 0 fore ¢ D, (D), = —1 for
e € §(X)and ¢(D), = 1fore € §7(X). Note that these vectors are properly
defined only up to multiplication by —1. However, the subspaces of the vector space
RE(G generated by the set of vectors associated with the undirected circuits and by
the set of vectors associated with the undirected cuts in G are properly defined; they
are called the cycle space and the cocycle space of G, respectively.
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Proposition 2.10. The cycle space and the cocycle space are orthogonal to each
other.

Proof: Let C be any undirected circuit and D = §(X) be any undirected cut. We
claim that the scalar product of {(C) and ¢ (D) is zero. Since reorienting any edge
does not change the scalar product we may assume that D is a directed cut. But then
the result follows from observing that any circuit enters a set X the same number of
times as it leaves X . O

We shall now show that the sum of the dimensions of the cycle space and the
cocycle space is |E(G)|, the dimension of the whole space. A set of undirected
circuits (undirected cuts) is called a cycle basis (a cocycle basis) if the associated
vectors form a basis of the cycle space (the cocycle space, respectively). Let G be
a graph (directed or undirected) and 7" a maximal subgraph without an undirected
circuit. For each e € E(G) \ E(T) we call the unique undirected circuit in 7 + e
the fundamental circuit of e with respect to 7. Moreover, for each e € E(T') there
isaset X € V(G) withdg(X) N E(T) = {e} (consider a component of T — e); we
call §g (X) the fundamental cut of e with respectto 7.

Theorem 2.11. Let G be a digraph and T a maximal subgraph without an undi-
rected circuit. The |E(G) \ E(T)| fundamental circuits with respect to T form a
cycle basis of G, and the |E(T)| fundamental cuts with respect to T form a cocycle
basis of G.

Proof: The vectors associated with the fundamental circuits are linearly inde-
pendent since each fundamental circuit contains an element not belonging to any
other. The same holds for the fundamental cuts. Since the vector spaces are orthog-
onal to each other by Proposition 2.10, the sum of their dimensions cannot exceed
|E(G)| = [E(G) \ E(T)| + [E(T)|. O

The fundamental cuts have a nice property which we shall exploit quite often and
which we shall discuss now. Let 7" be a digraph whose underlying undirected graph
is a tree. Consider the family F := {C, : e € E(T)}, where fore = (x,y) € E(T)
we denote by C, the connected component of 7" — e containing y (so §(C,) is
the fundamental cut of e with respect to 7). If T is an arborescence, then any two
elements of F are either disjoint or one is a subset of the other. In general F is at
least cross-free:

Definition 2.12. A set system is a pair (U, F), where U is a nonempty finite set
and F a family of subsets of U. (U, F) is cross-free if for any two sets X,Y € F,
at least one of the four sets X \ Y, Y \ X, X NY, U\ (X UY) is empty. (U, F)is
laminar if for any two sets X,Y € F, at least one of the three sets X \ Y, Y \ X,
X NY is empty.

In the literature set systems are also known as hypergraphs. See Figure 2.1(a)
for an illustration of the laminar family {{a},{b,c},{a,b,c}.{a,b,c,d},{f},
{f. g}}. Another word used for laminar is nested.
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Whether a set system (U, F) is laminar does not depend on U, so we sometimes
simply say that F is a laminar family. However, whether a set system is cross-free
can depend on the ground set U. If U contains an element that does not belong to
any set of F, then F is cross-free if and only if it is laminar. Let r € U be arbitrary.
It follows directly from the definition that a set system (U, F) is cross-free if and
only if

Fl={XeF:rgX)U{U\X:XeF, reX}

is laminar. Hence cross-free families are sometimes depicted similarly to laminar
families: for example, Figure 2.2(a) shows the cross-free family {{b,c,d, e, f},{c},
{a,b,c},{e}. {a,b,c,d, f},{e, f}}; asquare corresponds to the set containing all
elements outside.

~ e

) s (©

Fig. 2.2.

While oriented trees lead to cross-free families the converse is also true: every
cross-free family can be represented by a tree in the following sense:
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Definition 2.13. Let T be a digraph such that the underlying undirected graph is
a tree. Let U be a finite set and ¢ : U — V(T). Let F .= {S. : e € E(T)}, where
fore = (x,y) we define

Se = {s € U : ¢(s) is in the same connected component of T — e as y}.
Then (T, @) is called a tree-representation of (U, F).
See Figures 2.1(b) and 2.2(b) for examples.

Proposition 2.14. Let (U, F) be a set system with a tree-representation (T, ¢).
Then (U, F) is cross-free. If T is an arborescence, then (U, F) is laminar. More-
over, every cross-free family has a tree-representation, and for laminar families, an
arborescence can be chosen as T

Proof: 1If (T, ¢) is a tree-representation of (U, F) and e = (v,w), f = (x,y) €
E(T), we have an undirected v-x-path P in T (ignoring the orientations). There
are four cases: If w,y ¢ V(P) then S. NSy = @ (since T contains no circuit).
Ifw¢ V(P)andy € V(P) then S, € Sy. If y ¢ V(P) and w € V(P) then
Sy CS..lfw,y € V(P) then S, USy = U. Hence (U, F) is cross-free. If T is an
arborescence, the last case cannot occur (otherwise at least one vertex of P would
have two entering edges), so F is laminar.

To prove the converse, let F first be a laminar family. We define V(T) := F U
{r}and E(T) :=

{(X,Y)e FxF:XDY #0@andthereisno Z € FwithX DZ DY}
U{( X): X =0 e For X is amaximal element of 7} .

We set ¢(x) := X, where X is the minimal set in F containing x, and ¢(x) := r if
no set in F contains x. Obviously, 7 is an arborescence rooted at r, and (7', ¢) is a
tree-representation of F.

Now let F be a cross-free family of subsets of U. Let r € U. As noted above,

Fl={XeF:rgX}U{U\X:XeF, reX}

is laminar, so let (7, ¢) be a tree-representation of (U, F’). Now for an edge e €
E(T) there are three cases: If S, € F and U \ S, € F, we replace the edge
e = (x,y) by two edges (x, z) and (y, z), where z is a new vertex. If S, ¢ F and
U\ S, € F, wereplace the edge e = (x, y) by (y,x).If Se € Fand U \ S, & F,
we do nothing. Let 7’ be the resulting graph. Then (7", ¢) is a tree-representation
of (U, F). O

The above result is mentioned by Edmonds and Giles [1977] but was probably
known earlier.

Corollary 2.15. A laminar family of distinct subsets of U has at most 2|U | ele-
ments. A cross-free family of distinct subsets of U has at most 4|U | — 2 elements.
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Proof: We first consider a laminar family F of distinct nonempty proper subsets
of U. We prove that |F| < 2|U| — 2. Let (T, ¢) be a tree-representation, where
T is an arborescence whose number of vertices is as small as possible. For every
w € V(T) we have either [§1(w)| > 2 or there exists an x € U with ¢(x) = w or
both. (For the root this follows from U ¢ F, for the leaves from @ ¢ F, for all other
vertices from the minimality of 7'.)

There can be at most |U | vertices w with ¢(x) = w for some x € U and at most

L@J vertices w with [§*(w)| > 2. So |E(T)| + 1 = |V(T)| < |U| + £
and thus | F| = |E(T)| <2|U| - 2.
Now let (U, F) be a cross-free family with @, U ¢ F, and let r € U. Since

F ={XeF:rgX}U{U\X:XeF, reX}

is laminar, we have | F'| < 2|U| — 2. Hence | F| < 2|F’| < 4|U| — 4. The proof is
concluded by taking @ and U as possible members of F into account. O

2.3 Connectivity

Connectivity is a very important concept in graph theory. For many problems it suf-
fices to consider connected graphs, since otherwise we can solve the problem for
each connected component separately. So it is a fundamental task to detect the con-
nected components of a graph. The following simple algorithm finds a path from a
specified vertex s to all other vertices that are reachable from s. It works for both
directed and undirected graphs. In the undirected case it builds a maximal tree con-
taining s; in the directed case it constructs a maximal arborescence rooted at s.

GRAPH SCANNING ALGORITHM

Input: A graph G (directed or undirected) and some vertex s.

Output:  The set R of vertices reachable from s, and a set 7 € E(G) such that
(R, T) is an arborescence rooted at s, or a tree.

@O SetR:={s},0 :={stand T := 0.

If 0 = 0 then stop,
else chooseav € Q.

)
® Chooseaw € V(G)\ Rwithe = (v,w) € E(G)ore = {v,w} € E(G).
@

If there is no such w then set O := Q \ {v} and go to Q).
Set R:= RU{w},Q:=QU{w}and T :=T U{e}. Goto Q.

Proposition 2.16. The GRAPH SCANNING ALGORITHM works correctly.

Proof: Atany time, (R, T) is a tree or an arborescence rooted at s. Suppose at the
end there is a vertex w € V(G) \ R that is reachable from s. Let P be an s-w-path,
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and let {x, y} or (x, y) be an edge of P with x € Rand y ¢ R. Since x has been
added to R, it also has been added to QO at some time during the execution of the
algorithm. The algorithm does not stop before removing x from Q. But this is done
in Q) only if there is no edge {x, y} or (x, y) with y ¢ R. O

Since this is the first graph algorithm in this book we discuss some implemen-
tation issues. The first question is how the graph is given. There are several natural
ways. For example, one can think of a matrix with a row for each vertex and a col-
umn for each edge. The incidence matrix of an undirected graph G is the matrix

A = (ay,e)veV(G), ecE(G) Where

1 ifvee
0 ifvege’

Ay,e =

The incidence matrix of a digraph G is the matrix A = (@y,e)veV(G), ec E(G) Where

-1 ifv=x
Ay, (x,y) = 31 ifv=y
0 ifvée{x,y}

Of course this is not very efficient since each column contains only two nonzero
entries. The space needed for storing an incidence matrix is obviously O(nm),
where n := |V(G)| and m := |E(G)].

A better way is a matrix whose rows and columns are indexed by the vertex set.
The adjacency matrix of a simple graph G is the 0-1-matrix A = (ay,w)v,weV(G)
with ay, = 1iff {v,w} € E(G) or (v, w) € E(G). For graphs with parallel edges
we can define a, , to be the number of edges from v to w. An adjacency matrix
requires O(n?) space for simple graphs.

The adjacency matrix is appropriate if the graph is dense, i.e. has ®(n?) edges
(or more). For sparse graphs, say with O(n) edges only, one can do much better.
Besides storing the number of vertices we can simply store a list of the edges, for
each edge noting its endpoints. If we address each vertex by a number from 1 to
n, the space needed for each edge is O(logn). Hence we need O(m logn) space
altogether.

Just storing the edges in an arbitrary order is not very convenient. Almost all
graph algorithms require finding the edges incident to a given vertex. Thus one
should have a list of incident edges for each vertex. In case of directed graphs, two
lists, one for entering edges and one for leaving edges, are appropriate. This data
structure is called adjacency list; it is the most customary one for graphs. For direct
access to the list(s) of each vertex we have pointers to the heads of all lists; these can
be stored with O(n logm) additional bits. Hence the total number of bits required
for an adjacency list is O(nlogm + mlogn).

Whenever a graph is part of the input of an algorithm in this book, we assume
that the graph is given by an adjacency list.

As for elementary operations on numbers (see Section 1.2), we assume that
elementary operations on vertices and edges take constant time only. This includes



26 2 Graphs

scanning an edge, identifying its ends and accessing the head of the adjacency list
for a vertex. The running time will be measured by the parameters n and m, and an
algorithm running in O(m + n) time is called linear.

We shall always use the letters n and m for the number of vertices and the num-
ber of edges. For many graph algorithms it causes no loss of generality to assume
that the graph at hand is simple and connected; hence n — 1 < m < n?. Among par-
allel edges we often have to consider only one, and different connected components
can often be analyzed separately. The preprocessing can be done in linear time in
advance; see Exercise 16 and the following.

We can now analyze the running time of the GRAPH SCANNING ALGORITHM:

Proposition 2.17. The GRAPH SCANNING ALGORITHM can be implemented to
run in O(m) time. The connected components of an undirected graph can be deter-
mined in linear time.

Proof: We assume that G is given by an adjacency list. Implement Q by a simple
list, such that Q) takes constant time. For each vertex x that we insert into Q we
introduce a pointer current(x), indicating the current edge in the list containing all
edges in §(x) or §7(x) (this list is part of the input). Initially current(x) is set to
the first element of the list. In (), the pointer moves forward. When the end of the
list is reached, x is removed from Q and will never be inserted again. So the overall
running time is proportional to the number of vertices reachable from s plus the
number of edges, i.e. O(m).

To identify the connected components of a graph, we apply the algorithm once
and check if R = V(G). If so, the graph is connected. Otherwise R is a connected
component, and we apply the algorithm to (G, s”) for an arbitrary vertex s’ € V(G)\
R (and iterate until all vertices have been scanned, i.e. added to R). Again, no edge
is scanned more than twice, so the overall running time remains linear. O

An interesting question is in which order the vertices are chosen in (3).
Obviously we cannot say much about this order if we do not specify how to
choose a v € Q in ). Two methods are frequently used; they are called DEPTH-
FIRST SEARCH (DFS) and BREADTH-FIRST SEARCH (BFS). In DFS we choose
the v € Q that was the last to enter Q. In other words, Q is implemented as a
LIFO-stack (last-in-first-out). In BFS we choose the v € Q that was the first to
enter Q. Here Q is implemented by a FIFO-queue (first-in-first-out).

An algorithm similar to DFS has been described already before 1900 by Tré-
maux and Tarry; see Konig [1936]. BFS seems to have been mentioned first by
Moore [1959]. Trees (in the directed case: arborescences) (R, T') computed by DFS
and BFS are called DFS-tree and BFS-tree, respectively. For BFS-trees we note the
following important property:

Proposition 2.18. A BFS-tree contains a shortest path from s to each vertex reach-
able from s. The values distg (s, v) for all v € V(G) can be determined in linear
time.
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Proof: We apply BFS to (G, s) and add two statements: initially (in (D) of the
GRAPH SCANNING ALGORITHM) we set [(s) := 0, and in @ we set [(w) =
[(v) 4 1. We obviously have that /(v) = distg,1)(s, v) for all v € R, at any stage
of the algorithm. Moreover, if v is the currently scanned vertex (chosen in )), at
this time there is no vertex w € R with [(w) > [(v) + 1 (because the vertices are
scanned in an order with nondecreasing /-values).

Suppose that when the algorithm terminates there is a vertex w € V(G) with
distg (s, w) < dist(g,7)(s, w); let w have minimum distance from s in G with this
property. Let P be a shortest s-w-path in G, and let e = (v, w) ore = {v, w} be
the last edge in P. We have distg (s, v) = distg,1)(s,v), but e does not belong
to T. Moreover, [(w) = distg,7y(s,w) > distg(s,w) = distg(s,v) + 1 =
dist(r,7)(s,v) + 1 = I(v) + 1. This inequality combined with the above obser-
vation proves that w did not belong to R when v was removed from Q. But this
contradicts (3) because of edge e. O

This result will also follow from the correctness of DIIKSTRA’S ALGORITHM
for the SHORTEST PATH PROBLEM, which can be thought of as a generalization of
BFS to the case where we have nonnegative weights on the edges (see Section 7.1).

We now show how to identify the strongly connected components of a digraph.
Of course, this can easily be done by using n times DFS (or BFS). However, it
is possible to find the strongly connected components by visiting every edge only
twice:

STRONGLY CONNECTED COMPONENT ALGORITHM
Input: A digraph G.

Output: A function comp : V(G) — N indicating the membership of the
strongly connected components.

@ SetR:=0.SetN :=0.
@ Forallv € V(G) do: If v ¢ R then VISIT1(v).
® SetR:=0.SetK :=0.
@ Fori:=|V(G)| down to 1 do:
Ify~'(i) ¢ R thenset K := K + 1 and VISIT2(y 1 (7)).
VISITI1(v)

@ SetR:= RU{v}.

®  For all w with (v, w) € E(G) do:
If w ¢ R then VISITI(w).

® SetN:=N+1,%@):=Nandy (N):=v.
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VISIT2(v)
@® SetR:= RU{v}.

®  For all w with (w,v) € E(G) do:
If w ¢ R then VISIT2(w).

® Setcomp(v) := K.

Figure 2.3 shows an example: The first DFS scans the vertices in the order
a,g,b,d,e, f and produces the arborescence shown in the middle; the numbers
are the y-labels. Vertex c is the only one that is not reachable from a; it gets the
highest label ¥(c) = 7. The second DFS starts with ¢ but cannot reach any other
vertex via a reverse edge. So it proceeds with vertex a because ¥ (a) = 6. Now
b, g and f can be reached. Finally e is reached from d. The strongly connected
components are {c}, {a, b, f, g} and {d, e}.

Fig. 2.3.

In summary, one DFS is needed to find an appropriate numbering, while in
the second DFS the reverse graph is considered and the vertices are processed in
decreasing order with respect to this numbering. Each connected component of the
second DFS-forest is an anti-arborescence, a graph arising from an arborescence
by reversing every edge. We show that these anti-arborescences identify the strongly
connected components.

Theorem 2.19. The STRONGLY CONNECTED COMPONENT ALGORITHM identi-
fies the strongly connected components correctly in linear time.

Proof: The running time is obviously O(n + m). Of course, vertices of the same
strongly connected component are always in the same component of any DFS-
forest, so they get the same comp-value. We have to prove that two vertices u
and v with comp(u) = comp(v) indeed lie in the same strongly connected com-
ponent. Let r(u) and r(v) be the vertex reachable from v and v with the highest
¥-label, respectively. Since comp(u) = comp(v), i.e. u and v lie in the same
anti-arborescence of the second DFS-forest, r := r(u) = r(v) is the root of this
anti-arborescence. So r is reachable from both u and v.
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Since r is reachable from u and ¥ (r) > ¥ (u), r has not been added to R after
u in the first DFS, and the first DFS-forest contains an r-u-path. In other words, u
is reachable from r. Analogously, v is reachable from r. Altogether, u is reachable
from v and vice versa, proving that indeed u and v belong to the same strongly
connected component. O

It is interesting that this algorithm also solves another problem: finding a topo-
logical order of an acyclic digraph. Observe that contracting the strongly connected
components of any digraph yields an acyclic digraph. By Proposition 2.9 this acyclic
digraph has a topological order. In fact, such an order is given by the numbers
comp(v) computed by the STRONGLY CONNECTED COMPONENT ALGORITHM:

Theorem 2.20. The STRONGLY CONNECTED COMPONENT ALGORITHM deter-
mines a topological order of the digraph resulting from contracting each strongly
connected component of G. In particular, we can for any given digraph either find
a topological order or decide that none exists in linear time.

Proof: Let X and Y be two strongly connected components of a digraph G,
and suppose the STRONGLY CONNECTED COMPONENT ALGORITHM computes
comp(x) =k for x € X and comp(y) = k, for y € Y with k1 < k,. We claim
that EZ (Y, X) = 0.

Suppose that there is an edge (y,x) € E(G) with y € Y and x € X. All
vertices in X are added to R in the second DFS before the first vertex of Y is
added. In particular we have x € R and y ¢ R when the edge (y, x) is scanned
in the second DFS. But this means that y is added to R before K is incremented,
contradicting comp(y) # comp(x).

Hence the comp-values computed by the STRONGLY CONNECTED COMPO-
NENT ALGORITHM determine a topological order of the digraph resulting from
contracting the strongly connected components. The second statement of the the-
orem now follows from Proposition 2.9 and the observation that a digraph is acyclic
if and only if its strongly connected components are the singletons. O

A linear-time algorithm that identifies the strongly connected components was
first given by Karzanov [1970] and Tarjan [1972]. The problem of finding a topo-
logical order (or deciding that none exists) was solved earlier (Kahn [1962], Knuth
[1968]). Both BFS and DFS occur as subroutines in many other combinatorial algo-
rithms. Some examples will appear in later chapters.

Sometimes one is interested in higher connectivity. Let k& > 2. An undirected
graph with more than k vertices and the property that it remains connected even
if we delete any k — 1 vertices, is called k-connected. A graph with at least two
vertices is k-edge-connected if it remains connected after deleting any k£ — 1 edges.
So a connected graph with at least three vertices is 2-connected (2-edge-connected)
if and only if it has no articulation vertex (no bridge, respectively).

The largest k and / such that a graph G is k-connected and /-edge-connected
are called the vertex-connectivity and edge-connectivity of G. Here we say that
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a graph is 1-connected (and 1-edge-connected) if it is connected. A disconnected
graph has vertex-connectivity and edge-connectivity zero.

The blocks of an undirected graph are its maximal connected subgraphs without
articulation vertex. Thus each block is either a maximal 2-connected subgraph, or
consists of a bridge or an isolated vertex. Two blocks have at most one vertex in
common, and a vertex belonging to more than one block is an articulation vertex.
The blocks of an undirected graph can be determined in linear time quite similarly
to the STRONGLY CONNECTED COMPONENT ALGORITHM; see Exercise 20. Here
we prove a nice structure theorem for 2-connected graphs. We construct graphs from
a single vertex by sequentially adding ears:

Definition 2.21. Let G be a graph (directed or undirected). An ear-decomposition
of G is a sequencer, Py, ..., Py withG = ({r},0) + Py +---+ Pg, such that each
P; is either a path where exactly the endpoints belong to {r }UV (P1)U---UV(Pi_y),
or a circuit where exactly one of its vertices belongs to {r} U V(Py)U---UV(P;_1)

(ief{l,....k}).
Pi1,..., Py arecalled ears. If k > 1, Py is a circuit of length at least three, and
P5, ..., Py are paths, then the ear-decomposition is called proper.

Theorem 2.22. (Whitney [1932]) An undirected graph is 2-connected if and only
if it has a proper ear-decomposition.

Proof: Evidently a circuit of length at least three is 2-connected. Moreover, if G
is 2-connected, then so is G + P, where P is an x-y-path, x,y € V(G) and x # y:
deleting any vertex does not destroy connectivity. We conclude that a graph with a
proper ear-decomposition is 2-connected.

To show the converse, let G be a 2-connected graph. Let G’ be the maximal
simple subgraph of G; evidently G’ is also 2-connected. Hence G’ cannot be a tree;
i.e. it contains a circuit. Since it is simple, G’, and thus G, contains a circuit of
length at least three. So let H be a maximal subgraph of G that has a proper ear-
decomposition; H exists by the above consideration.

Suppose H is not spanning. Since G is connected, we then know that there exists
anedge e = {x,y} € E(G) withx € V(H) and y ¢ V(H). Let z be a vertex in
V(H) \ {x}. Since G — x is connected, there exists a path P from y to z in G — x.
Let z’ be the first vertex on this path, when traversed from y, that belongs to V(H).
Then Py, ;1] + e can be added as an ear, contradicting the maximality of H.

Thus H is spanning. Since each edge of E(G) \ E(H) can be added as an ear,
we conclude that H = G. O

See Exercise 21 for similar characterizations of 2-edge-connected graphs and
strongly connected digraphs.
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2.4 Eulerian and Bipartite Graphs

Euler’s work on the problem of traversing each of the seven bridges of Konigsberg
exactly once was the origin of graph theory. He showed that the problem had no
solution by defining a graph, asking for a walk containing all edges, and observing
that more than two vertices had odd degree.

Definition 2.23. An Eulerian walk in a graph G is a closed walk containing every
edge. An undirected graph G is called Eulerian if the degree of each vertex is even.
A digraph G is Eulerian if |8~ (v)| = |87 (v)| for each v € V(G).

Although Euler neither proved sufficiency nor considered the case explicitly in
which we ask for a closed walk, the following famous result is usually attributed to
him:

Theorem 2.24. (Euler [1736], Hierholzer [1873]) A connected (directed or undi-
rected) graph has an Eulerian walk if and only if it is Eulerian.

Proof: The necessity of the degree conditions is obvious, as a vertex appearing k
times in an Eulerian walk (or k + 1 times if it is the first and the last vertex) must
have in-degree k and out-degree k, or degree 2k in the undirected case.

For the sufficiency, let W = vy,eq,v2,..., U, €k, Vxk+1 be a longest walk in
G, i.e. one with maximum number of edges. In particular, W must contain all
edges leaving vy, which implies vg4; = v; by the degree conditions. So W is
closed. Suppose that W does not contain all edges. As G is connected, we then
conclude that there is an edge ¢ € E(G) for which e does not appear in W,
but at least one of its endpoints appears in W, say v;. Then e can be combined
with v;, e;, Vi41,..., €k, V41 = V1,€1,02,...,€i—1,V; to a walk which is longer
than W. O

The algorithm accepts as input only connected Eulerian graphs. Note that one
can check in linear time whether a given graph is connected (Theorem 2.17) and
Eulerian (trivial). The algorithm first chooses an initial vertex, then calls a recursive
procedure. We first describe it for undirected graphs:

EULER’S ALGORITHM
Input: An undirected connected Eulerian graph G.
Output:  An Eulerian walk W in G.

@®  Choose vy € V(G) arbitrarily. Return W := EULER(G, vy).

EULER(G, vy)
@ SetW :=v;and x := vy.

@ Ifé(x) = 0 then go to @.
Else let e € §(x), say e = {x, y}.
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Set W := W,e,yand x := y.Set E(G) := E(G) \ {e} and go to .

®
@ Letwvy,ep,v,ez2,...,V, €k, Vk+1 be the sequence W.
Fori := 2 to k do: Set W; := EULER(G, v;).

® SetW :=Wy,e;,Wa,es,..., Wi, ek, Vig+1- Return W.

For digraphs, Q) has to be replaced by:

® IféT(x) = 0 then goto @.
Else let e € §T(x), say e = (x, ).

We can analyze both versions (undirected and directed) simultaneously:

Theorem 2.25. EULER’S ALGORITHM works correctly. Its running time is O (m +
n), wheren = |V(G)| and m = |E(G)].

Proof: We show that EULER(G, vy), if called for an Eulerian graph G and v €
V(G), returns an Eulerian walk in the connected component G of G that contains
v1. We use induction on | E(G)|, the case E(G) = @ being trivial.

Because of the degree conditions, vg+; = x = v; when @ is executed. So
at this stage W is a closed walk. Let G’ be the graph G at this stage. G’ is also
Eulerian.

For each edge e € E(G1) N E(G’) there exists a minimum i € {2,...,k} such
that e is in the same connected component of G’ as v; (note that vi = vg4p is
isolated in G’). Then by the induction hypothesis e belongs to W;. So the closed
walk W composed in () is indeed an Eulerian walk in G;.

The running time is linear, because each edge is deleted immediately after being
examined. O

EULER’S ALGORITHM will be used several times as a subroutine in later
chapters.

Sometimes one is interested in making a given graph Eulerian by adding or
contracting edges. Let G be an undirected graph and F a family of unordered pairs
of V(G) (edges or not). F is called an odd join if (V(G), E(G) U F) is Eulerian.
F is called an odd cover if the graph which results from G by contracting the
vertex set of each connected component of (V(G), F) is Eulerian. Both concepts
are equivalent in the following sense.

Theorem 2.26. (Aoshima and Iri [1977]) For any undirected graph we have:

(a) Every odd join is an odd cover.
(b) Every minimal odd cover is an odd join.

Proof: Let G be an undirected graph.

To prove (a), let F be an odd join. We build a graph G’ by contracting the
connected components of (V(G), F) in G. Each of these connected components
contains an even number of odd-degree vertices (with respect to F' and thus with
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respect to G, because F is an odd join). So the resulting graph has even degrees
only. Thus F is an odd cover.

To prove (b), let F be a minimal odd cover. Because of the minimality,
(V(G), F) is a forest. We have to show that |§F(v)] = |§g(v)| (mod 2) for
eachv € V(G). So let v € V(G). Let Cy,..., Cy be the connected components
of (V(G), F) — v that contain a vertex w with {v,w} € F. Since F is a forest,
k =18F )|

As F is an odd cover, contracting X := V(Cy) U---U V(C¢) U {v} in G yields
a vertex of even degree, i.e. |§g(X)| is even. On the other hand, because of the
minimality of F, F'\ {{v, w}} is not an odd cover (for any w with {v, w} € F), so
|6 (V(C;))|isodd fori =1,...,k. Since

k
Y 186(V(C))| = 86 (X)| + [86(v)]
i=1
—20Ec({vhVG)\ X)) +2 Y |Ec(Ci.C))l,

1<i<j<k
we conclude that k has the same parity as |5 (v)]. O

We shall return to the problem of making a graph Eulerian in Section 12.2.

A bipartition of an undirected graph G is a partition of the vertex set V(G) =
A U B such that the subgraphs induced by A and B are both empty. A graph is
called bipartite if it has a bipartition. The simple bipartite graph G with V(G) =
AU B, |A| = n,|B| = m and E(G) = {{a,b} : a € A, b € B} is denoted
by K, (the complete bipartite graph). When we write G = (4 U B, E(G)), we
mean that G[A] and G[B] are both empty.

Proposition 2.27. (Konig [1916]) An undirected graph is bipartite if and only if
it contains no odd circuit (circuit of odd length). There is a linear-time algorithm
which, given an undirected graph G, either finds a bipartition or an odd circuit.

Proof: Suppose G is bipartite with bipartition V(G) = A U B, and the closed
walk vy, e1,v2,..., U, eg, Vg4 defines some circuit in G. W.l.o.g. v; € A. But
then v, € B, v3 € A, and so on. We conclude that v; € A if and only if i is odd.
But vg4+1 = v € A, so k must be even.

To prove the sufficiency, we may assume that G is connected, since a graph is
bipartite iff each connected component is (and the connected components can be
determined in linear time; Proposition 2.17). We choose an arbitrary vertex s €
V(G) and apply BFS to (G, s) in order to obtain the distances from s to v for all
v € V(G) (see Proposition 2.18). Let T be the resulting BFS-tree. Define A :=
{v e V(G) : distg(s,v) is even} and B := V(G) \ A.

If there is an edge e = {x, y} in G[A] or G[B], the x-y-path in T together with
e forms an odd circuit in G. If there is no such edge, we have a bipartition. O
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2.5 Planarity

We often draw graphs in the plane. A graph is called planar if it can be drawn such
that no pair of edges intersect. To formalize this concept we need the following
topological terms:

Definition 2.28. A simple Jordan curve is the image of a continuous injective
function ¢ : [0, 1] — R?; its endpoints are ¢(0) and ¢(1). A closed Jordan curve
is the image of a continuous function ¢ : [0,1] — R? with ¢(0) = ¢(1) and
(1) # (') for 0 < t < v/ < 1. A polygonal arc is a simple Jordan curve which
is the union of finitely many intervals (straight line segments). A polygon is a closed
Jordan curve which is the union of finitely many intervals.

Let R = R?\ J, where J is the union of finitely many intervals. We define the
connected regions of R as equivalence classes where two points in R are equivalent
if they can be joined by a polygonal arc within R.

Definition 2.29. A planar embedding of a graph G consists of an injective map-
ping ¥ : V(G) — R? and for each e = {x,y} € E(G) a polygonal arc J. with
endpoints Y (x) and ¥ (y), such that for eache = {x,y} € E(G):

U \ Y@,y n [ :vevinu | Jof| =0

e’eE(G)\{e}

A graph is called planar if it has a planar embedding.

Let G be a (planar) graph with some fixed planar embedding ® = (¥,
(Je)ecE(G)). After removing the points and polygonal arcs from the plane, the
remainder,

R:=R\|{y:veVG}iu |J J|.

ecE(G)

splits into open connected regions, called faces of ®.

For example, K4 is obviously planar but it will turn out that K5 is not planar.
Exercise 28 shows that restricting ourselves to polygonal arcs instead of arbitrary
Jordan curves makes no substantial difference. We will show later that for simple
graphs it is indeed sufficient to consider straight line segments only.

Our aim is to characterize planar graphs. Following Thomassen [1981], we first
prove the following topological fact, a version of the Jordan curve theorem:

Theorem 2.30. If J is a polygon, then R? \ J splits into exactly two connected
regions, each of which has J as its boundary. If J is a polygonal arc, then R? \ J
has only one connected region.

Proof: Let J be a polygon, p € R?\ J and ¢ € J. Then there exists a polygonal
arc in (R?\ J) U {g} joining p and q: starting from p, one follows the straight



2.5 Planarity 35

line towards ¢ until one gets close to J, then one proceeds within the vicinity of
J. (We use the elementary topological fact that disjoint compact sets, in particular
non-adjacent intervals of J, have a positive distance from each other.) We conclude
that p is in the same connected region of R? \ J as some points arbitrarily close
toq.

J is the union of finitely many intervals; one or two of these intervals contain q.
Let € > 0 such that the ball with center ¢ and radius € intersects no other interval of
J; then clearly this ball intersects at most two connected regions. Since p € R? \ J
and g € J were chosen arbitrarily, we conclude that there are at most two regions
and each region has J as its boundary.

Since the above also holds if J is a polygonal arc and ¢ is an endpoint of J,
R?\ J has only one connected region in this case.

Returning to the case when J is a polygon, it remains to prove that R? \ J has
more than one region. For any p € R? \ J and any angle « we consider the ray
starting at p with angle «v. J N [y is a set of points or closed intervals. Let c7(p, ly)
be the number of these points or intervals that J enters from a different side of /,
than to which it leaves (the number of times J “crosses” /,; e.g. in Figure 2.4 we
have cr(p,ly) = 2).

Fig. 2.4.

Note that for any angle «,

lim cr(p,ly—e)—cr(p,ly)

€—>0,e>0

and' Lim  cr(p,lote) —cr(p.ly)
€—>0,e>0

are even integers: twice the number of points and intervals of J N/, that J enters
from the same side to which it leaves (left side and right side, respectively). There-
fore g(p,a) := (cr(p,ly) mod 2) is a continuous function in ¢, so it is constant
and we denote it by g(p). Clearly g(p) is constant for points p on each straight line
not intersecting J, so it is constant within each region. However, g(p) # g(q) for
points p, g such that the straight line segment joining p and g intersects J exactly
once. Hence there are indeed two regions. O

Exactly one of the faces, the outer face, is unbounded.
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Proposition 2.31. Let G be a 2-connected graph with a planar embedding ®. Then
every face is bounded by a circuit, and every edge is on the boundary of exactly two
faces. Moreover, the number of faces is |E(G)| — |V(G)| + 2.

Proof: By Theorem 2.30 both assertions are true if G is a circuit. For general 2-
connected graphs we use induction on the number of edges, using Theorem 2.22.
Consider a proper ear-decomposition of G, and let P be the last ear, a path with
endpoints x and y, say. Let G’ be the graph before adding the last ear, and let @’ be
the restriction of ® to G'.

Let @ = (Y, (Je)ecE(G))- Let F' be the face of @ containing | J,cg(py Je \
{¥(x), ¥(y)}. By induction, F’ is bounded by a circuit C. C contains x and y, so
C is the union of two x-y-paths Q1, Q5 in G’. Now we apply Theorem 2.30 to each
of the circuits Q1 + P and O, + P. We conclude that

Fuly.yo)y = RURU | J

ecE(P)

and F; and F, are two faces of G bounded by the circuits Q1 + P and Q, + P,
respectively. Hence G has one more face than G’. Using |E(G)\ E(G")| = |[V(G)\
V(G')| + 1, this completes the induction step. O

This proof is due to Tutte. It also implies easily that the circuits bounding the
finite faces constitute a cycle basis (Exercise 29). The last statement of Proposition
2.31 is known as Euler’s formula; it holds for general connected graphs:

Theorem 2.32. (Euler [1758], Legendre [1794]) For any planar connected graph
G with any embedding, the number of faces is |E(G)| — |V(G)| + 2.

Proof: We have already proved the statement for 2-connected graphs (Proposition
2.31). Moreover, the assertion is trivial if |V (G)| = 1 and follows from Theorem
230if |[E(G)| = 1. If |[V(G)| = 2 and |E(G)| > 2, then we can subdivide one
edge e, thereby increasing the number of vertices and the number of edges by one
and making the graph 2-connected, and apply Proposition 2.31.

So we may now assume that G has an articulation vertex x; we proceed by
induction on the number of vertices. Let ® be an embedding of G. Let Cy, ..., Ck
be the connected components of G — x; and let ®; be the restriction of ® to G; :=
GIV(C)U{x}]fori =1,...,k.

The set of inner (bounded) faces of @ is the disjoint union of the sets of inner
faces of ®;,i = 1,...,k. By applying the induction hypothesis to (G;, ®;), i =
1,...,k, we get that the total number of inner faces of (G, ®) is

k k
Y UEGHI-IVGHI+1) = |EG)|=)_IV(G)\{x}| = |EG)|-IV(G)|+1.

i=1 i=1
Taking the outer face into account concludes the proof. O

In particular, the number of faces is independent of the embedding. The average
degree of a simple planar graph is less than 6:
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Corollary 2.33. Let G be a 2-connected simple planar graph whose minimum cir-
cuit has length k (we also say that G has girth k). Then G has at most (n — 2)kkT2
edges. Any simple planar graph with n > 3 vertices has at most 3n — 6 edges.

Proof: First assume that G is 2-connected. Let some embedding ® of G be given,
and let r be the number of faces. By Euler’s formula (Theorem 2.32), r = |E(G)|—
|V(G)| + 2. By Proposition 2.31, each face is bounded by a circuit, i.e. by at least k
edges, and each edge is on the boundary of exactly two faces. Hence kr < 2| E(G)].
Combining the two results we get |E(G)| — |[V(G)] + 2 < %|E(G)|, implying
|E(G)] < (n —2)5.

If G is not 2-connected we add edges between non-adjacent vertices to make it
2-connected while preserving planarity. By the first part we have at most (n —2) %
edges, including the new ones. O

Now we show that certain graphs are non-planar:
Corollary 2.34. Neither K5 nor K3 3 is planar.

Proof: This follows directly from Corollary 2.33: K5 has five vertices but 10 >
3-5—6edges; K33 is 2-connected, has girth 4 (as it is bipartite) and 9 > (6 — 2)4;12
edges. O

Fig. 2.5.

Figure 2.5 shows these two graphs, which are the smallest non-planar graphs.
We shall prove that every non-planar graph contains, in a certain sense, K5 or K3 3.
To make this precise we need the following notion:

Definition 2.35. Let G and H be two undirected graphs. G is a minor of H if
there exists a subgraph H' of H and a partition V(H') = Vi U --- U Vi of its
vertex set into connected subsets such that contracting each of Vi, ..., Vj yields a
graph which is isomorphic to G.

In other words, G is a minor of H if it can be obtained from H by a series
of operations of the following type: delete a vertex, delete an edge or contract an
edge. Since neither of these operations destroys planarity, any minor of a planar
graph is planar. Hence a graph which contains K5 or K33 as a minor cannot be
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planar. Kuratowski’s Theorem says that the converse is also true. We first consider
3-connected graphs and start with the following lemma (which is the heart of Tutte’s
so-called wheel theorem):

Lemma 2.36. (Tutte [1961], Thomassen [1980]) Let G be a 3-connected graph
with at least five vertices. Then there exists an edge e such that G/e is also
3-connected.

Proof: Suppose there is no such edge. Then for each edge e = {v, w} there exists
a vertex x such that G — {v, w, x} is disconnected, i.e. has a connected component
C with |V(C)| < |V(G)| — 3. Choose e, x and C such that |VV(C)| is minimum.

x has a neighbour y in C, because otherwise C is a connected component of
G —{v, w} (but G is 3-connected). By our assumption, G/{x, y} is not 3-connected,
i.e. there exists a vertex z such that G — {x, y, z} is disconnected. Since {v, w} €
E(G), there exists a connected component D of G—{x, y, z} which contains neither
v nor w.

But D contains a neighbour d of y, since otherwise D is a connected com-
ponent of G — {x,z} (again contradicting the fact that G is 3-connected). So
d € V(D) N V(C), and thus D is a subgraph of C. Since y € V(C) \ V(D),
we have a contradiction to the minimality of |V(C)|. O

Theorem 2.37. (Kuratowski [1930], Wagner [1937]) A 3-connected graph is pla-
nar if and only if it contains neither Ks nor K3 3 as a minor.

Proof: As the necessity is evident (see above), we prove the sufficiency. Since K4
is obviously planar, we proceed by induction on the number of vertices: let G be a
3-connected graph with more than four vertices but no K5 or K3 3 minor.

By Lemma 2.36, there exists an edge e = {v, w} such that G/e is 3-connected.
Let ® = (v, (Jo)ereE(G/e)) be a planar embedding of G/e, which exists by induc-
tion. Let x be the vertex in G/e which arises by contracting e. Consider (G/e) — x
with the restriction of ® as a planar embedding. Since (G/e) — x is 2-connected,
every face is bounded by a circuit (Proposition 2.31). In particular, the face contain-
ing the point ¥ (x) is bounded by a circuit C.

Let y1,...,yx € V(C) be the neighbours of v that are distinct from w, num-
bered in cyclic order, and partition C into edge-disjoint paths P;,i = 1,...,k, such
that P; is a y;-yit1-path (yg41 1= y1).

Suppose there exists an index i € {1,...,k} such that ['(w) € {v} U V(P;).
Then a planar embedding of G can be constructed easily by modifying ®.

We shall prove that all other cases are impossible. First, if w has three neigh-
bours among yy, ..., Yk, we have a K5 minor (Figure 2.6(a)).

Next, if I'(w) = {v,y;,y;} for some i < j, then we must have i + 1 < j
and (i, j) # (1,k) (otherwise y; and y; would both lic on P; or P;); see Fig-
ure 2.6(b). Otherwise there is a neighbour z of w in V(P;) \ {yi, yi+1} for some
i and another neighbour z ¢ V(P;) (Figure 2.6(c)). In both cases, there are four
vertices y,z,y’,z’ on C, in this cyclic order, with y, y’ € I'(v) and z, 2z’ € T'(w).
This implies that we have a K3 3 minor. O
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a b Yi Cc z Vi
Yit1
C C C
Yi 4
Fig. 2.6.

The proof implies quite directly that every 3-connected simple planar graph
has a planar embedding where each edge is embedded by a straight line and
each face, except the outer face, is convex (Exercise 32(a)). The general case of
Kuratowski’s Theorem can be reduced to the 3-connected case by gluing together
planar embeddings of the maximal 3-connected subgraphs, or by the following
lemma:

Lemma 2.38. (Thomassen [1980]) Let G be a graph with at least five vertices
which is not 3-connected and which contains neither Ks nor K3 3 as a minor. Then
there exist two non-adjacent vertices v,w € V(G) such that G + e, where e =
{v, w} is a new edge, does not contain a Ks or K3 3 minor either.

Proof: We use induction on |V(G)|. Let G be as above. Without loss of generality,
G is simple. If G is disconnected, we can simply add an edge e joining two different
connected components. So henceforth we assume that G is connected. Since G is
not 3-connected, there exists a set X = {x, y} of two vertices such that G — X is
disconnected. (If G is not even 2-connected we may choose x to be an articulation
vertex and y a neighbour of x.) Let C be a connected componentof G — X, G :=
G[V(C)U X] and G, := G — V(C). We first prove the following:

Claim: Let v, w € V(Gy) be two vertices such that adding an edge e = {v, w}
to G creates a K33 or K5 minor. Then at least one of G; + ¢ + f and G, + f
contains a K5 or K3 3 minor, where f is a new edge joining x and y.

To prove this claim, let v,w € V(Gy), ¢ = {v,w} and suppose that there
are pairwise disjoint connected vertex sets Zj, ..., Z; of G + e such that after
contracting each of them we have a K5 (t = 5) or K33 (t = 6) subgraph.

Note that it is impossible that Z; € V(G1) \ X and Z; € V(G») \ X for some
i,j € {l,...,t}: in this case the set of those Z; with Zy N X # @ (there are at
most two of these) separate Z; and Z;, contradicting the fact that both K5 and K33
are 3-connected.

Hence there are two cases: If none of Zy,...,Z; is a subset of V(G2) \ X,
then G; + e + f also contains a K5 or K33 minor: just consider Z; N V(Gy)
(i=1,...,1).
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Analogously, if none of Zy,...,Z; is a subset of V(G1) \ X, then G, + f
contains a K5 or K3 3 minor (consider Z; N V(G2) (i = 1,...,1)).

The claim is proved. Now we first consider the case when G contains an artic-
ulation vertex x, and y is a neighbour of x. We choose a second neighbour z of x
such that y and z are in different connected components of G — x. W.l.o.g. say that
z € V(Gy). Suppose that the addition of e = {y, z} creates a K5 or K3 3 minor.
By the claim, at least one of G1 + e and G, contains a K5 or K3 3 minor (an edge
{x, y} is already present). But then G| or G, and thus G, contains a K5 or K33
minor, contradicting our assumption.

Hence we may assume that G is 2-connected. Recall that x,y € V(G) were
chosen such that G — {x, y} is disconnected. If {x, y} ¢ E(G) we simply add an
edge f = {x, y}. If this creates a K5 or K3 3 minor, the claim implies that G; + f
or G, + f contains such a minor. Since there is an x-y-path in each of G1, G
(otherwise we would have an articulation vertex of G), this implies that there is a
K5 or K3 3 minor in G which is again a contradiction.

Thus we can assume that f = {x,y} € E(G). Suppose now that at least one
of the graphs G; (i € {1,2}) is not planar. Then this G; has at least five vertices.
Since it does not contain a K5 or K3 3 minor (this would also be a minor of G),
we conclude from Theorem 2.37 that G; is not 3-connected. So we can apply the
induction hypothesis to G;. By the claim, if adding an edge within G; does not
introduce a K5 or K3 3 minor in Gy, it cannot introduce such a minor in G either.

So we may assume that both G; and G, are planar; let ®; and ®, be planar
embeddings. Let F; be a face of ®; with f on its boundary, and let z; be another
vertex on the boundary of F;, z; ¢ {x, y} (i = 1,2). We claim that adding an edge
{z1,z2} (cf. Figure 2.7) does not introduce a K5 or K3 3 minor.

21 X 2

y
Fig. 2.7.

Suppose, on the contrary, that adding {z,z2} and contracting some pairwise
disjoint connected vertex sets Zp, ..., Z; would create a K5 (f = 5) or K33 (t = 6)
subgraph.

First suppose that at most one of the sets Z; is a subset of V(G1) \ {x, y}. Then
the graph G, arising from G, by adding one vertex w and edges from w to x, y
and z», also contains a K5 or K33 minor. (Here w corresponds to the contracted set
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Zi € V(G1) \ {x,y}.) This is a contradiction since there is a planar embedding of
G}: just supplement @, by placing w within F.

So we may assume that Z1, Z, € V(Gq)\ {x, y}. Analogously, we may assume
that Z3,Z4 C V(Gy) \ {x,y}. W.Lo.g. we have z1 ¢ Z; and z, ¢ Z3. Then we
cannot have a K5, because Z; and Z3 are not adjacent. Moreover, the only possible
common neighbours of Z; and Z3 are Zs and Z. Since in K3 3 two vertices are
either adjacent or have three common neighbours, a K3 3 minor is also impossible.

O

Theorem 2.37 and Lemma 2.38 yield Kuratowski’s Theorem:

Theorem 2.39. (Kuratowski [1930], Wagner [1937]) An undirected graph is pla-
nar if and only if it contains neither Ks nor K3 3 as a minor. O

Indeed, Kuratowski proved a stronger version (Exercise 33). The proof can be
turned into a polynomial-time algorithm quite easily (Exercise 32(b)). In fact, a
linear-time algorithm exists:

Theorem 2.40. (Hopcroftand Tarjan [1974]) There is a linear-time algorithm for
finding a planar embedding of a given graph or deciding that it is not planar.

2.6 Planar Duality

We shall now introduce an important duality concept. In this section, graphs may
contain loops, i.e. edges whose endpoints coincide. In a planar embedding loops are
of course represented by polygons instead of polygonal arcs.

Note that Euler’s formula (Theorem 2.32) also holds for graphs with loops: this
follows from the observation that subdividing a loop e (i.e. replacing e = {v, v}
by two parallel edges {v, w},{w, v} where w is a new vertex) and adjusting the
embedding (replacing the polygon J, by two polygonal arcs whose union is J,)
increases the number of edges and vertices each by one but does not change the
number of faces.

Definition 2.41. Let G be a directed or undirected graph, possibly with loops, and
let ® = (Y, (Je)ecE(G)) be a planar embedding of G. We define the planar dual
G* whose vertices are the faces of ® and whose edge set is {e* : e € E(G)}, where
e* connects the faces that are adjacent to J, (if J. is adjacent to only one face, then
e* is a loop). In the directed case, say for e = (v, w), we orient e* = (Fy, F>)

in such a way that F is the face “to the right” when traversing J, from ¥ (v) to

¥ (w).

G* is again planar. In fact, there obviously exists a planar embedding
(1//*, (Je*)e*eE(G*)) of G* such that Y*(F) € F for all faces F of ® and, for
eache € E(G),
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JN |y :veviGnu | J| =0
SEE(G)\{e}

|Jex N Je| = 1, and if e* is a loop then the face bounded by J,= contains exactly
one endpoint of e. Such an embedding is called a standard embedding of G*.

a : i b
Fig. 2.8.

The planar dual of a graph really depends on the embedding: consider the two
embeddings of the same graph shown in Figure 2.8. The resulting planar duals are
not isomorphic, since the second one has a vertex of degree four (corresponding to
the outer face) while the first one is 3-regular.

Proposition 2.42. Let G be an undirected connected planar graph with a fixed
embedding. Let G* be its planar dual with a standard embedding. Then (G*)* = G.

Proof: Let (¥, (Je)ecE(G)) be a fixed embedding of G and (*, (Jex)e*eE(G*))
a standard embedding of G*. Let F be a face of G*. The boundary of F contains
Je+ for at least one edge e*, so F' must contain 1 (v) for one endpoint v of e. So
every face of G* contains at least one vertex of G.

By applying Euler’s formula (Theorem 2.32) to G* and to G, we get that the
number of faces of G* is |E(G*)| — [V(G*)|+2 = |E(G)|— (|E(G)| - |V(G)| +
2) + 2 = |V(G)|. Hence each face of G* contains exactly one vertex of G. From
this we conclude that the planar dual of G* is isomorphic to G. O

The requirement that G is connected is essential here: note that G* is always
connected, even if G is disconnected.

Theorem 2.43. Let G be a connected planar undirected graph with arbitrary
embedding. The edge set of any circuit in G corresponds to a minimal cut in G*,
and any minimal cut in G corresponds to the edge set of a circuit in G*.

Proof: Let ® = (Y, (Je)ecE(G)) be a fixed planar embedding of G. Let C be
a circuit in G. By Theorem 2.30, R? \ Uee E(c) Je splits into exactly two con-
nected regions. Let A and B be the set of faces of @ in the inner and outer region,
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respectively. We have V(G*) = A U B and Eg+ (A, B) = {e* : e € E(C)}. Since
A and B form connected sets in G*, this is indeed a minimal cut.

Conversely, let 6 (4) be a minimal cutin G. Let ®* = (¥*, (Je)eer(G*)) be a
standard embedding of G*. Leta € A and b € V(G) \ A. Observe that there is no
polygonal arc in

R:=R>\ [{y* ) :veV(GHU ] Je

eGBG (A)

which connects ¥ (a) and ¥ (b): the sequence of faces of G* passed by such a
polygonal arc would define an edge progression from @ to » in G not using any
edge of 8g(A).

So R consists of at least two connected regions. Then, obviously, the boundary
of each region must contain a circuit. Hence F := {e* : ¢ € §g(A)} contains the
edge set of a circuit C in G*. We have {¢* : e € E(C)} C {¢* : e € F} =
36 (A), and, by the first part, {¢* : ¢ € E(C)} is a minimal cut in (G*)* = G (cf.
Proposition 2.42). We conclude that {e* : ¢ € E(C)} = g (A). O

In particular, e* is a loop if and only if e is a bridge, and vice versa. For digraphs
the above proof yields:

Corollary 2.44. Let G be a connected planar digraph with some fixed planar
embedding. The edge set of any circuit in G corresponds to a minimal directed
cut in G*, and vice versa. |

Another interesting consequence of Theorem 2.43 is:

Corollary 2.45. Let G be a connected undirected graph with arbitrary planar
embedding. Then G is bipartite if and only if G* is Eulerian, and G is Eulerian
if and only if G* is bipartite.

Proof: Observe that a connected graph is Eulerian if and only if every minimal
cut has even cardinality. By Theorem 2.43, G is bipartite if G* is Eulerian, and G
is Eulerian if G* is bipartite. By Proposition 2.42, the converse is also true. O

An abstract dual of G is a graph G’ for which there is a bijection y : E(G) —
E(G’) such that F is the edge set of a circuit iff y(F) is a minimal cut in G’ and
vice versa. Theorem 2.43 shows that any planar dual is also an abstract dual. The
converse is not true. However, Whitney [1933] proved that a graph has an abstract
dual if and only if it is planar (Exercise 39). We shall return to this duality relation
when dealing with matroids in Section 13.3.

Exercises

1. Let G be a simple undirected graph on n vertices which is isomorphic to its
complement. Show that n mod 4 € {0, 1}.
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. Prove that every simple undirected graph G with |6(v)| > %|V(G)| for all
v € V(G) is Hamiltonian.

Hint: Consider a longest path in G and the neighbours of its endpoints.
(Dirac [1952])

. Prove that any simple undirected graph G with |E(G)| > (IV(GZ)I_I) is
connected.

. Let G be a simple undirected graph. Show that G or its complement is
connected.

. Prove that every simple undirected graph with more than one vertex contains
two vertices that have the same degree. Prove that every tree (except a single
vertex) contains at least two leaves.

. Let T be a tree with k leaves. Show that 7' contains at most k — 2 vertices of
degree at least 3.

. Prove that every tree T contains a vertex v such that no connected component
of T — v contains more than IV(2—T)| vertices. Can you find such a vertex in linear
time?

. Let G be a connected undirected graph, and let (V(G), F) be a forest in G.
Prove that there is a spanning tree (V(G),T) with F € T C E(G).

. Let (V, F1) and (V, F») be two forests with | F1| < | Fz|. Prove that there exists

an edge e € F, \ Fj such that (V, F; U {e}) is a forest.

Let (V, Fy) and (V, F>) be two branchings with 2| Fy| < | F>|. Prove that there

exists an edge e € F> \ Fj such that (V, F; U {e}) is a branching.

Prove that any cut in an undirected graph is the disjoint union of minimal cuts.

Let G be an undirected graph, C a circuit and D a cut. Show that |[E(C) N D|

is even.

Show that any undirected graph has a cut containing at least half of the edges.

Let (U, F) be a cross-free set system with |U| > 2. Prove that F contains at

most 4|U | — 4 distinct elements.

Let G be a connected undirected graph. Show that there exists an orientation

G’ of G and a spanning arborescence T of G’ such that the set of fundamental

circuits with respect to T is precisely the set of directed circuits in G'.

Hint: Consider a DFS-tree.

(Camion [1968], Crestin [1969])

Describe a linear-time algorithm for the following problem: Given an adjacency

list of a graph G, compute an adjacency list of the maximal simple subgraph of

G. Do not assume that parallel edges appear consecutively in the input.

Given a graph G (directed or undirected), show that there is a linear-time algo-

rithm to find a circuit or decide that none exists.

Describe a simple linear-time algorithm that finds a topological order in a

given acyclic digraph. (Do not use the STRONGLY CONNECTED COMPONENT

ALGORITHM).

Let G be a connected undirected graph, s € V(G) and T a DFS-tree resulting

from running DFS on (G, s). s is called the root of T'. x is an ancestor of y in T

if x lies on the (unique) s-y-path in 7'. x is the parent of y if the edge {x, y} lies
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on the s-y-pathin 7'. y is a child (successor) of x if x is the parent (an ancestor)
of y. Note that with this definition each vertex is an ancestor and a successor of
itself. Every vertex except s has exactly one parent. Prove:
(a) For any edge {v,w} € E(G), v is an ancestor or a successor of w in 7.
(b) A vertex v is an articulation vertex of G if and only if

e citherv = s and |67 (v)| > 1

e orv # s and there is a child w of v such that no edge in G connects a

proper ancestor of v (that is, excluding v) with a successor of w.

Use Exercise 19 to design a linear-time algorithm which finds the blocks of an
undirected graph. It will be useful to compute numbers

a(x) ;= min{ f(w) : w = xor{w, y} € E(G)\ T for some successor y of x}

recursively during the DFS. Here (R, T') is the DFS-tree (with root s), and the
f-values represent the order in which the vertices are added to R (see the
GRAPH SCANNING ALGORITHM). If for some vertex x € R\ {s} we have
a(x) = f(w), where w is the parent of x, then w must be either the root or an
articulation vertex.
Prove:
(a) An undirected graph is 2-edge-connected if and only if it has at least two
vertices and an ear-decomposition.
(b) A digraph is strongly connected if and only if it has an ear-decomposition.
(c) The edges of an undirected graph G with at least two vertices can be ori-
ented such that the resulting digraph is strongly connected if and only if G
is 2-edge-connected.
(Robbins [1939])
A tournament is a digraph such that the underlying undirected graph is a (sim-
ple) complete graph. Prove that every tournament contains a Hamiltonian path
(Rédei [1934]). Prove that every strongly connected tournament is Hamiltonian
(Camion [1959])).
Let G be an undirected graph. Prove that there exists an orientation G’ of G
such that |8, (v)| — |65, ()]| < 1forallv e V(G).
Prove that if a connected undirected simple graph is Eulerian then its line graph
is Hamiltonian. What about the converse?
Prove that any connected bipartite graph has a unique bipartition. Prove that
any non-bipartite undirected graph contains an odd circuit as an induced sub-
graph. Prove that an undirected graph G is bipartite if and only if £(G) can be
partitioned into cuts.
Prove that a strongly connected digraph whose underlying undirected graph is
non-bipartite contains a (directed) circuit of odd length.
Let G be an undirected graph. A tree-decomposition of G is a pair (7, ¢),
where T is a tree and ¢ : V(T) — 2V(@ satisfies the following conditions:
e foreache € E(G) thereexistsat € V(T) with e C ¢(¢);
e foreachv € V(G)theset{t € V(T):v € ¢(t)} is connected in T .
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28.

29.

30.
31.

32.

33.

34.

2 Graphs

We say that the width of (7, ¢) is max,ey(r) |¢(¢)| — 1. The tree-width of a
graph G is the minimum width of a tree-decomposition of G. This notion is due
to Robertson and Seymour [1986].

Show that the simple graphs of tree-width at most 1 are the forests. Moreover,

prove that the following statements are equivalent for an undirected graph G:

(a) G has tree-width at most 2;

(b) G does not contain K4 as a minor;

(c) G can be obtained from an empty graph by successively adding bridges and
doubling and subdividing edges. (Doubling an edge ¢ = {v,w} € E(G)
means adding another edge with endpoints v and w; subdividing an edge
e = {v,w} € E(G) means adding a vertex x and replacing e by two edges
{v. x}, {x. w})

Note: Because of the construction in (c) such graphs are called series-parallel.

Show that if a graph G has a planar embedding where the edges are embedded

by arbitrary Jordan curves, then it also has a planar embedding with polygonal

arcs only.

Let G be a 2-connected graph with a planar embedding. Show that the set of

circuits bounding the finite faces constitutes a cycle basis of G.

Can you generalize Euler’s formula (Theorem 2.32) to disconnected graphs?

Show that there are exactly five Platonic graphs (corresponding to the Platonic

solids; cf. Exercise 11 of Chapter 4), i.e. 3-connected planar regular graphs

whose faces are all bounded by the same number of edges.

Hint: Use Euler’s formula (Theorem 2.32).

Deduce from the proof of Kuratowski’s Theorem 2.39:

(a) Every 3-connected simple planar graph has a planar embedding where each
edge is embedded by a straight line and each face, except the outer face, is
convex.

(b) There is a polynomial-time algorithm for checking whether a given graph
is planar.

Given a graph G and an edge ¢ = {v, w} € E(G), we say that H results from

G by subdividing ¢ if V(H) = V(G) U {x} and E(H) = (E(G) \ {e}) U

{{v, x},{x, w}}. A graph resulting from G by successively subdividing edges

is called a subdivision of G.

(a) Trivially, if H contains a subdivision of G then G is a minor of H. Show
that the converse is not true.

(b) Prove that a graph containing a K3 3 or K5 minor also contains a subdivi-
sion of K33 or Ks.

Hint: Consider what happens when contracting one edge.

(c) Conclude that a graph is planar if and only if no subgraph is a subdivision
of K33 or Ks.

(Kuratowski [1930])

Prove that each of the following statements implies the other:

(a) For every infinite sequence of graphs G, G, ... there are two indices i <
J such that G; is a minor of G;.
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(b) Let G be a class of graphs such that for each G € G and each minor H of
G we have H € G (i.e. membership in G is a hereditary graph property).
Then there exists a finite set X' of graphs such that G consists of all graphs
that do not contain any element of X as a minor.

Note: The statements have been proved by Robertson and Seymour [2004]; they

are a main result of their series of papers on graph minors. Theorem 2.39 and

Exercise 27 give examples of forbidden minor characterizations as in (b).

Let G be a planar graph with an embedding ®, and let C be a circuit of G

bounding some face of ®. Prove that then there is an embedding @' of G such

that C bounds the outer face.

(a) Let G be disconnected with an arbitrary planar embedding, and let G* be
the planar dual with a standard embedding. Prove that (G*)* arises from
G by successively applying the following operation, until the graph is con-
nected: Choose two vertices x and y which belong to different connected
components and which are adjacent to the same face; contract {x, y}.

(b) Generalize Corollary 2.45 to arbitrary planar graphs.

Hint: Use (a) and Theorem 2.26.

Let G be a connected digraph with a fixed planar embedding, and let G* be the

planar dual with a standard embedding. How are G and (G*)* related?

Prove that if a planar digraph is acyclic (strongly connected), then its planar

dual is strongly connected (acyclic). What about the converse?

(a) Show that if G has an abstract dual and H is a minor of G then H also has
an abstract dual.

(b) Show that neither K5 nor K3 3 has an abstract dual.

(c) Conclude that a graph is planar if and only if it has an abstract dual.

(Whitney [1933])
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3 Linear Programming

In this chapter we review the most important facts about Linear Programming.
Although this chapter is self-contained, it cannot be considered to be a compre-
hensive treatment of the field. The reader unfamiliar with Linear Programming is
referred to the textbooks mentioned at the end of this chapter.

The general problem reads as follows:

LINEAR PROGRAMMING
Instance: A matrix A € R™*" and column vectors b € R™, ¢ € R”.

Task: Find a column vector x € R” such that Ax < b and ¢ x is maxi-
mum, decide that {x € R"” : Ax < b} is empty, or decide that for all
o € Rthereis an x € R” with Ax <bandc'x > «.

Here ¢ " x denotes the scalar product of the vectors. The notion x < y for vectors
x and y (of equal size) means that the inequality holds in each component. If no
sizes are specified, the matrices and vectors are always assumed to be compatible in
size. We often omit indicating the transposition of column vectors and write e.g. cx
for the scalar product. By 0 we denote the number zero as well as all-zero vectors
and all-zero matrices (the order will always be clear from the context).

A linear program (LP) is an instance of the above problem. We often write a
linear program as max{cx : Ax < b}. A feasible solution of an LP max{cx : Ax <
b} is a vector x with Ax < b. A feasible solution attaining the maximum is called
an optimum solution.

As the problem formulation indicates, there are two possibilities when an LP has
no solution: The problem can be infeasible (i.e. P := {x ¢ R" : Ax < b} = @) or
unbounded (i.e. for all @ € R there is an x € P with cx > «). If an LP is neither
infeasible nor unbounded it has an optimum solution:

Proposition3.1. Let P = {x € R" : Ax < b} # @andc € R" with § :=
sup{cTx : x € P} < co. Then there exists a vector 7 € P withc"z = 8.

Proof: Let U be a matrix whose columns are an orthonormal basis of the kernel of

A,i.e. UTU = I, AU = 0, and rank(A4’) = n where A’ := (UAT). Letb' := (g)
We show that for every y € P there exists a subsystem A”x < b” of A’x < b’

such that A” is nonsingular, y’ := (4”)"'s” € P,and ¢y’ > ¢"y. As there are

B. Korte and J. Vygen Combinatorial Optimization, 51
Algorithms and Combinatorics 21, DOI 10.1007/978-3-642-24488-9__ 3,
© Springer-Verlag Berlin Heidelberg 2012
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only finitely many such subsystems, one of these y’ attains the maximum (¢ "y’ =
8), and the assertion follows.

So let y € P, and denote by k(y) the rank of A” for the maximal subsystem
A"x < b"” of A’x < b’ with A”y = b"”. Suppose that k(y) < n. We show how to
finday’ € P withc"y’ > ¢"yand k(y") > k(y). After at most n steps we have a
vector y’ with k(y’) = n as required.

IfUTy #0,wesety :=y—UUTy.Since y + A\ UUTc € PforallA € R
we have sup{c"(y +AUUTc) : A € R} <§ <ooandhencec™U =0andc 'y’ =
¢"y.Moreover, Ay = Ay—AUU" y = AyandU "y =UTy-UTUU Ty =0.

Now suppose that UTy = 0. Let v # 0 with A”v = 0. Denote by
aix < PB; the i-th row of Ax < b. Let u := min{ﬁ’__‘f)iy taiv > 0} and

aj

K = max{m ca;v < 0}, where min¥ = oo and max® = —oo. We have

k <0 < u, and at least one of k¥ and p is finite (because A'v # 0 but U v = 0).
For A € Rwithk <A < puwehave A”(y + Av) = A"y + AA"v = A"y = b"
and A(y+Av) = Ay+AAv < b,i.e. y+Av € P.Thus,assup{c'x : x € P} < oo,
we have u < coifc™v > 0andk > —coifcTv < 0.
Moreover, if ¢cTv > 0 and u < oo, we have a;(y + uv) = B; for some i.
Analogously, if ¢"v < 0 and ¥ > —o0, we have a; (y + kv) = B; for some i.
Thus in each case we have found a vector y’ € P withc¢ Ty’ > ¢Ty and k(y') >
k(y)+ 1. O

This justifies the notation max{c "x : Ax < b} instead of sup{c " x : Ax < b}.

Many combinatorial optimization problems can be formulated as LPs. To do
this, we encode the feasible solutions as vectors in R” for some 7. In Section 3.5 we
show that one can optimize a linear objective function over a finite set S of vectors
by solving a linear program. Although the feasible set of this LP contains not only
the vectors in .S but also all their convex combinations, one can show that among
the optimum solutions there is always an element of S.

In Section 3.1 we compile some terminology and basic facts about polyhedra,
the sets P = {x € R” : Ax < b} of feasible solutions of LPs. In Sections 3.2
and 3.3 we present the SIMPLEX ALGORITHM, which we also use to derive the
Duality Theorem and related results (Section 3.4). LP duality is a most important
concept which explicitly or implicitly appears in almost all areas of combinatorial
optimization; we shall often refer to the results in Sections 3.4 and 3.5.

3.1 Polyhedra

Linear Programming deals with maximizing or minimizing a linear objective func-
tion of finitely many variables subject to finitely many linear inequalities. So the
set of feasible solutions is the intersection of finitely many halfspaces. Such a set is
called a polyhedron:
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Definition 3.2. A polyhedron in R" is a set of type P = {x € R" : Ax < b} for
some matrix A € R™" and some vector b € R™. If A and b are rational, then P is
a rational polyhedron. A bounded polyhedron is also called a polytope.

We denote by rank(A) the rank of a matrix A. The dimension dim X of a
nonempty set X C R" is defined to be

n — max{rank(A) : A is an n X n-matrix with Ax = Ay forall x,y € X}.
A polyhedron P C R" is called full-dimensional if dim P = n.

Equivalently, a polyhedron is full-dimensional if and only if there is a point in
its interior. For most of this chapter it makes no difference whether we are in the
rational or real space. We need the following standard terminology:

Definition 3.3. Let P := {x : Ax < b} be a nonempty polyhedron. If ¢ is a
nonzero vector for which § := max{cx : x € P} is finite, then {x : cx = &} is
called a supporting hyperplane of P. A face of P is P itself or the intersection of
P with a supporting hyperplane of P. A point x for which {x} is a face is called a
vertex of P, and also a basic solution of the system Ax < b.

Proposition 3.4. Let P = {x : Ax < b} be a polyhedron and F < P. Then the
following statements are equivalent:

(a) Fisafaceof P.

(b) There exists a vector ¢ such that § := max{cx : x € P} is finite and
F={xeP:cx=56}

(c) F={x€ P:A'x =0b"} # 0 for some subsystem A'x < b’ of Ax <b.

Proof: (a) and (b) are obviously equivalent.

(©)=(D):If F ={x € P : A’x = b’} is nonempty, let ¢ be the sum of the rows
of A’, and let § be the sum of the components of »’. Then obviously cx < § for all
xePand F ={x € P :cx =34}

(b)=-(c): Assume that ¢ is a vector, § := max{cx : x € P} is finite and F =
{x € P :cx = §}.Let A’x < b’ be the maximal subsystem of Ax < b such that
A'x = b’ forall x € F.Let A”x < b” be the rest of the system Ax < b.

We first observe that for each inequality a/'x < B/ of A"x <b" (i =1,....k)
there is a point x; € F such that a}'x; < B/. Let x* := %Zf;l x; be the center
of gravity of these points (if kK = 0, we can choose an arbitrary x* € F); we have
x* € Fandax* < B/ foralli.

We have to prove that A’y = b’ cannothold forany y € P\ F.Solety € P\F.

We have cy < §. Now consider z := x* 4 e(x* — y) for some small € > 0; in
particular let € be smaller than ﬁf,_# foralli € {1,...,k} witha/x* > aly.
a; (x*—y) i i

We have ¢z > § and thus z ¢ P. So there is an inequality ax <  of Ax < b
such that az > B. Thus ax* > ay. The inequality ax < f cannot belong to A”x <

b”, since otherwise we have az = ax*+ea(x*—y) < ax*+a[z;ff;)a(x*—y) =p
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(by the choice of €). Hence the inequality ax < B belongs to A’x < b’. Since
ay = a(x* + %(x* — 7)) < B, this completes the proof. O

As a trivial but important corollary we remark:

Corollary 3.5. Ifmax{cx : x € P} is bounded for a nonempty polyhedron P and
a vector ¢, then the set of points where the maximum is attained is a face of P. [

The relation “is a face of” is transitive:

Corollary 3.6. Let P be a polyhedron and F a face of P. Then F is again a
polyhedron. Furthermore, a set F' C F is a face of P if and only if it is a face of F.
O

The maximal faces distinct from P are particularly important:

Definition 3.7. Let P be a polyhedron. A facet of P is a maximal face distinct
from P. An inequality cx < § is facet-defining for P if cx < § forall x € P and
{x € P:cx =6} isafacetof P.

Proposition 3.8. Let P C {x € R" : Ax = b} be a nonempty polyhedron of
dimension n — rank(A). Let A'x < b’ be a minimal inequality system such that
P = {x:Ax = b, A’x < b'}. Then each inequality of A'x < b’ is facet-defining
for P, and each facet of P is defined by an inequality of A'x < b’.

Proof: If P = {x € R" : Ax = b}, then there are no facets and the statement
is trivial. So let A’x < b’ be a minimal inequality system with P = {x : Ax =
b, A’x <b'},leta’x < B’ be one of its inequalities and A”x < b” be the rest of the
system A’x < b’. Let y be a vector with Ay = b, A"y < b” anda’y > B’ (such
a vector y exists as the inequality @’x < B’ is not redundant). Let x € P such that
A’x < b’ (such a vector must exist because dim P = n — rank(A)).
Consider z := x + a’%/y__‘;/f; (y —x). Wehave a’z = 8/, A”z < b”, and, since
0< aéy_‘;f_‘x <1,z € P. Therefore F:={x € P:a'x ="} #0and F # P (as
x € P\ F). We conclude that F is a facet of P.

By Proposition 3.4 each facet is defined by an inequality of A'x < b’. O

The other important class of faces (beside facets) are minimal faces (i.e. faces
not containing any other face). Here we have:

Proposition 3.9. (Hoffman and Kruskal [1956]) Let P = {x : Ax < b} be
a polyhedron. A nonempty subset F' C P is a minimal face of P if and only if
F = {x: A'x = b’} for some subsystem A'x < b’ of Ax < b.

Proof: If F is a minimal face of P, by Proposition 3.4 there is a subsystem A'x <
b’ of Ax < bsuchthat F = {x € P : A’x = b’}. We choose A’x < b’ maximal.
Let A”x < b” be a minimal subsystem of Ax < b such that F = {x : A'x =
b, A”x < b"}. We claim that A”x < b” does not contain any inequality.
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Suppose, on the contrary, that a”x < B” is an inequality of A”x < b”. Since it
is not redundant for the description of F, Proposition 3.8 implies that F' := {x :
A'x =b', Ax <b”, a"x = B"}is afacet of F.By Corollary 3.6 F’ is also a face
of P, contradicting the assumption that F is a minimal face of P.

Now let @ # F = {x : A’x = b’} € P for some subsystem A’x < b’ of
Ax < b. Obviously F has no faces except itself. By Proposition 3.4, F' is a face of
P It follows by Corollary 3.6 that F' is a minimal face of P. O

Corollary 3.5 and Proposition 3.9 imply that LINEAR PROGRAMMING can be
solved in finite time by solving the linear equation system A’x = b’ for each sub-
system A’x < b’ of Ax < b. A more intelligent way is the SIMPLEX ALGORITHM
which is described in the next section.

Another consequence of Proposition 3.9 is:

Corollary 3.10. Let P = {x € R" : Ax < b} be a polyhedron. Then all minimal
faces of P have dimension n —rank(A). The minimal faces of polytopes are vertices.

O

This is why polyhedra {x € R"” : Ax < b} with rank(4) = n are called
pointed: their minimal faces are points.
Let us close this section with some remarks on polyhedral cones.

Definition 3.11. A (convex) cone is a set C < R”" for which x,y € C and
A, > 0 implies Ax + py € C. A cone C is said to be generated by x1, ..., Xk
if Xx1,...,xx € C and for any x € C there are numbers Ay, ..., A > 0 with
x = Zf-;l Aixi. A cone is called finitely generated if some finite set of vectors
generates it. A polyhedral cone is a polyhedron of type {x : Ax < 0}.

It is immediately clear that polyhedral cones are indeed cones. We shall now
show that polyhedral cones are finitely generated. I always denotes an identity
matrix.

Lemma 3.12. (Minkowski [1896]) Let C = {x € R" : Ax < 0} be a polyhedral
cone. Then C is generated by a subset of the set of solutions to the systems My = b/,
where M consists of n linearly independent rows of ( ‘}1) and b’ = *e; for some
unit vector e;.

Proof: Let A be an m x n-matrix. Consider the systems My = b’ where M
consists of n linearly independent rows of (‘}) and b’ = te; for some unit vector
ej.Let y1,...,y: be those solutions of these equality systems that belong to C. We
claim that C is generated by yi,..., y;.

First suppose C = {x : Ax = 0}, i.e. C is a linear subspace. Write C = {x :
A’x = 0} where A’ consists of a maximal set of linearly independent rows of A. Let
I’ consist of some rows of I such that (‘}1,/ ) is a nonsingular square matrix. Then C
is generated by the solutions of
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/
(?,)xz (2), forb=+e;, j =1,...,dimC.

For the general case we use induction on the dimension of C. If C is not a linear
subspace, then there is a vector z € C such that —z ¢ C. Then there is a row a of
A such thataz < 0.

Let A’ consist of any maximal set of rows of A such that (i) the rows of ( 13/ ) are
linearly independent, and (ii) there exists a vector z € C with A’z = 0 and az < 0.

Let y be any vector with A’y = 0 and ay = —1. We claim that y € C.

Let z satisfy (ii), i.e., z € C, A’z = 0 and az < 0. Let B be the set of rows b
of A with by > 0. Each b € B must be linearly independent of @ and A’: otherwise
b = c¢A’ + 8a for a vector ¢ and a number §, butthen 0 > bz = cA’z +8az = daz,
hence § > 0, contradicting 0 < by = cA’y + day = —§.

Suppose that B is nonempty. Let © := min{z—; :b € B}. We have & < 0. Then
i =z—uyeC,A7 = Az—uA'y =0,az = az — pay < 0, and there
isa b’ € B with b’z’ = 0. This contradicts the maximality of 4’. So B = @, i.e.,

yeC.

Hence by construction there is an index s € {1,...,¢} such that A’y; = 0 and
ays = —1.

Now let an arbitrary z € C be given. Let ay,...,a, be the rows of A and
n o= min{a”_’;s i=1,...,m,a;ys < 0}. We have p > 0. Let k be an index
where the minimum is attained. Consider z’ := z — uys. By the definition of u
we have a;z' = ajz — 2k%q;ys for j = 1,...,m, and hence 7’ € C' := {x €

akJys
C : axx = 0}. C’ is a cone whose dimension is one less than that of C (because

arys < 0and ys € C). By induction, C’ is generated by a subset of y1, ..., y;, S0
7' = Z§=1 Aiy; for some Aq,...,A; > 0. By setting A, := As + u (observe that
u=>0)and A, := A; (i #s), weobtainz =z’ + puyy = i, AL Yi. O

Thus any polyhedral cone is finitely generated. We shall show the converse at
the end of Section 3.4.

3.2 The Simplex Algorithm

The oldest and best-known algorithm for LINEAR PROGRAMMING is Dantzig’s
[1951] simplex method. We first assume that the polyhedron has a vertex, and that
some vertex is given as input. Later we shall show how general LPs can be solved
with this method.

For a set J of row indices we write A for the submatrix of A consisting of the
rows in J only, and b; for the subvector of b consisting of the components with
indices in J. We abbreviate a; := Ay, and B; := by;).
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SIMPLEX ALGORITHM

Input: A matrix 4 € R™*" and column vectors b € R™, ¢ € R”.
A vertex x of P := {x € R" : Ax < b}.

Output: A vertex x of P attaining max{cx : x € P} or a vector w € R” with
Aw < 0 and cw > 0 (i.e. the LP is unbounded).

(@M  Choose a set of n row indices J such that A is nonsingularand Ayjx = by.

® Computec (A 7)~ " and add zeros in order to obtain a vector y with ¢ = yA
such that all entries of y outside J are zero.
If y > 0 then stop. Return x and y.

®  Choose the minimum index i with y; < 0.
Let w be the column of —(4 )" with index i, so A j\3w = 0 and
a;w = —1.
If Aw < 0 then stop.
Return w.

@ LetA:= min%w
ajw
and let j be the smallest row index attaining this minimum.
® SetJ:=((J\{i)U{j}andx :=x + Aw.
Go to .

cjedfl,....m}, ajw > 0p,

Step (D relies on Proposition 3.9 and can be implemented with GAUSSIAN
ELIMINATION (Section 4.3). The selection rules for i and j in Q) and @ (often
called pivot rule) are due to Bland [1977]. If one just chose an arbitrary i with y; < 0
and an arbitrary j attaining the minimum in @) the algorithm would run into cyclic
repetitions for some instances. Bland’s pivot rule is not the only one that avoids
cycling; another one (the so-called lexicographic rule) was proved to avoid cycling
already by Dantzig, Orden and Wolfe [1955]. Before proving the correctness of the
SIMPLEX ALGORITHM, let us make the following observation (sometimes known
as “weak duality”):

Proposition 3.13. Let x and y be feasible solutions of the LPs
max{cx : Ax < b} and (3.1)
min{yb:y'A=c", y >0}, (3.2)
respectively. Then cx < yb.
Proof: cx = (yA)x = y(Ax) < yb. O

Theorem 3.14. (Dantzig [1951], Dantzig, Orden and Wolfe [1955], Bland [1977])
The SIMPLEX ALGORITHM terminates after at most (':) iterations. If it returns
x and y in ), these vectors are optimum solutions of the LPs (3.1) and (3.2),
respectively, with cx = yb. If the algorithm returns w in Q) then cw > 0 and the
LP (3.1) is unbounded.
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Proof: We first prove that the following conditions hold at any stage of the
algorithm:

(a) x € P;

(b) Ayx =by;

(c) Ay is nonsingular;
(d) cw > 0;

(e) A >0.

(a) and (b) hold initially. @) and @) guarantee cw = yAw —y; > 0.By @,
x € P implies A > 0. (c) follows from the fact that Aj\yw = 0 and g;w > 0.1t
remains to show that 5) preserves (a) and (b).

We show that if x € P, then also x + Aw € P. For a row index k we have
two cases: If azw < 0 then (using A > 0) ar(x + Aw) < agx < B. Otherwise
A< % and hence a (x + Aw) < agx + akw% = B. (Indeed, A is

chosen in @) to be the largest number such that x + Aw € P.)
To show (b), note that after @) we have Aj\yw = 0and A =

Bj—ajx

w50

Bj—ajx

Apniyv(x +Aw) = Apgyx = bpgyand g (x + Aw) = a;x + ajw Tw o = B
Therefore after 5), Ajx = by holds again. '

So we indeed have (a)—(e) at any stage. If the algorithm returns x and y in @),
x and y are feasible solutions of (3.1) and (3.2), respectively. x is a vertex of P by
(a), (b) and (c). Moreover, cx = yAx = yb since the components of y are zero
outside J. This proves the optimality of x and y by Proposition 3.13.

If the algorithm stops in 3), the LP (3.1) is indeed unbounded because in this
case x + puw € P forall © > 0, and cw > 0 by (d).

We finally show that the algorithm terminates. Let J®) and x®) be the set J
and the vector x in iteration k of the SIMPLEX ALGORITHM, respectively. If the
algorithm did not terminate after (';’) iterations, there are iterations k < [ with
JO = g, By (b) and (c), x® = xO, By (d) and (e), cx never decreases, and it

strictly increases if A > 0. Hence A is zero in all the iterations k, k + 1,...,/ — 1,
and x® = x*+D = ... = xD,

Let /1 be the highest index leaving J in one of the iterations k, ...,/ — 1, say in
iteration p. Index & must also have been added to J in some iterationg € {k,...,[—

1}. Now let y’ be the vector y at iteration p, and let w’ be the vector w at iteration
q. We have y’Aw’ = cw’ > 0. So let r be an index for which y,.a,w’ > 0. Since
¥y # 0, index r belongs to JP If r > h, index r would also belong to J@ and
J@+D implying a,w’ = 0. So r < h. But by the choice of i in iteration p we have
yr. < 0iff r = h, and by the choice of j in iteration ¢ we have ¢, w’ > 0iffr = h
(recall that A = 0 and a,x@ = q,x® = Brasr € J (). This is a contradiction.

O

Klee and Minty [1972] and Avis and Chvatal [1978] found examples where the
SIMPLEX ALGORITHM (with Bland’s rule) needs 2" iterations on LPs with n vari-
ables and 2n constraints, proving that it is not a polynomial-time algorithm. It is not
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known whether there is a pivot rule that leads to a polynomial-time algorithm. How-
ever, Borgwardt [1982] showed that the average running time (for random instances
in a certain natural probabilistic model) can be bounded by a polynomial. Spiel-
man and Teng [2004] introduced a so-called smoothed analysis: for each input they
consider the expected running time with respect to small random perturbations of
the input. The maximum of all these expectations is polynomially bounded. Kelner
and Spielman [2006] proposed a randomized polynomial-time algorithm for LIN-
EAR PROGRAMMING that is similar to the SIMPLEX ALGORITHM. The SIMPLEX
ALGORITHM is also quite fast in practice if implemented skilfully; see Section 3.3.

We now show how to solve general linear programs with the SIMPLEX ALGO-
RITHM. More precisely, we show how to find an initial vertex. Since there are poly-
hedra that do not have vertices at all, we put a given LP into a different form first.

Let max{cx : Ax < b} be an LP. We substitute x by y — z and write it equiva-
lently in the form

max { (c —c)(z) © (4 -A) (z) <b, y,zzo}.

So w.l.o.g. we assume that our LP has the form
max{cx : A'x <b', A’x <b”, x >0} (3.3)
with ' > 0 and b” < 0. We first run the SIMPLEX ALGORITHM on the instance
min{(14")x + 1y : A'x <b’, A"x +y >b", x,y > 0}, (3.4)

where 1 denotes a vector whose entries are all 1. Since (ﬁ) = 0 defines a vertex,
this is possible. The LP is obviously not unbounded since the minimum must be at
least 16”. For any feasible solution x of (3.3), ( b”—xA”x) is an optimum solution of
(3.4) of value 15”. Hence if the minimum of (3.4) is greater than 15", then (3.3) is
infeasible.

In the contrary case, let (ﬁ) be an optimum vertex of (3.4) of value 1b”. We
claim that x is a vertex of the polyhedron defined by (3.3). To see this, first observe
that A”x +y = b”. Let n and m be the dimensions of x and y, respectively; then by
Proposition 3.9 there is a set S of n + m inequalities of (3.4) satisfied with equality,
such that the submatrix corresponding to these n + m inequalities is nonsingular.

Let S’ be the inequalities of A’x < b’ and of x > 0 that belong to S. Let S”
consist of those inequalities of A”x < b” for which the corresponding inequalities
of A”x +y > b" and y > 0 both belong to S. Obviously | S’ US”| > |S|—m = n,
and the inequalities of S U S” are linearly independent and satisfied by x with
equality. Hence x satisfies n linearly independent inequalities of (3.3) with equality;
thus x is indeed a vertex. Therefore we can start the SIMPLEX ALGORITHM with
(3.3) and x.
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3.3 Implementation of the Simplex Algorithm

The previous description of the SIMPLEX ALGORITHM is simple but not suitable for
an efficient implementation. As we will see, it is not necessary to solve a linear equa-
tion system in each iteration. To motivate the main idea, we start with a proposition
(which is actually not needed later): for LPs of the form max{cx : Ax = b, x > 0},
vertices can be represented not only by subsets of rows but also by subsets of
columns.

For a matrix A and a set J of column indices we denote by A” the submatrix
consisting of the columns in J only. Consequently, AIJ denotes the submatrix of A
with rows in / and columns in J. Sometimes the order of the rows and columns
is important: if J = (ji,..., jk) is a vector of row (column) indices, we denote
by Ay A7 ) the matrix whose i-th row (column) is the j;-th row (column) of A
i=1,...,k).

Proposition 3.15. Let P := {x : Ax = b,x > 0}, where A is a matrix and b
is a vector. Then x is a vertex of P if and only if x € P and the columns of A
corresponding to positive entries of x are linearly independent.

Proof: Let A be an m x n-matrix. Let X := (7 9) and b’ := (J). Let N :=
{l,....,n}and M := {n+1,...,n+m}.ForanindexsetJ € NUM with |J| =n
let J := (N UM)\ J.Then X§V is nonsingular iff Xﬁgf is nonsingular iff XAJI is
nonsingular.

If x is a vertex of P, then — by Proposition 3.9 — there exists aset / € N UM
such that |J| = n, X 9’ is nonsingular, and X ;V x = b/J. Then the components of
x corresponding to N N J are zero. Moreover, X AJ/I is nonsingular, and hence the
columns of AN/ are linearly independent.

Conversely, let x € P, and let the set of columns of A corresponding to positive
entries of x be linearly independent. By adding suitable unit column vectors to these
columns we obtain a nonsingular submatrix X 1{; with x; = 0 fori € N \ B. Then
X ,]§V is nonsingular and X ,]§V X = b%. Hence, by Proposition 3.9, x is a vertex of P.

O

Corollary 3.16. Let (3) € P :={(5): Ax+y=b, x>0, y = 0}. Then (3)
is a vertex of P if and only if the columns of (A 1) corresponding to positive compo-
nents of(ﬁ) are linearly independent. Moreover, x is a vertex of {x : Ax < b, x >
0} if and only if (, 4, ) is a vertex of P. O

We will now analyze the behaviour of the SIMPLEX ALGORITHM when applied
to an LP of the form max{cx : Ax < b, x > 0}.

Theorem 3.17. Let A € R™", b € R™, andc € R". Let A" := (), b :=(})

and ¢ := (c7,0). Let B € {1,...,n + my™ such that (A I)® is nonsingular. Let

J C{1,....n 4+ m)} be the set of the remaining n indices. Let Qg = ((A1)8)~".
Then:
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(a) Aj is nonsingular.

(b) (' — A’x)y = 0and (b' — A'x)p = Qpb and ¢c"x = ¢BQpb, where x :=

(A')71h),.
(c) Let y be the vector with yg = 0and y" A’ = ¢™. Then y™ =¢B8Qp(ATI)—c¢.
(d) Let i € J. Let w be the vector with Ajw = —1 and A’J\{i}w = 0. Then
Ayw = Qp(Al).
(e) Define

P Op(AI) |0pb
B \eBopan—éex )

Given B and Tg, we can compute B’ and Tp' in O(m(n + m)) time, where B’
arises from B by replacing j by i, and i and j are given as in Q@ of the
SIMPLEX ALGORITHM (applied to A’, b’, ¢, and index set J ).

T is called the simplex tableau with respect to the basis B.

Proof: (a):Let N := {1,...,n}. As (A )% is nonsingular, also (A’)IJV\\; is non-

singular, and thus A4’; is nonsingular.

(b): The first statement follows directly from A’,x = b’,. Then b = Ax +
I(h—Ax) = (AN — Ax) = (ADBD —Ax)pandc"x = ¢(b' — A'x) =
L_’B(b/ —A'x)p = cB Opb.

(c): This follows from (c2Qp(A1) — &) = ¢BQp(A1)E —¢B = 0 and
(cB0B(AI)—c)A' =cBQpANA —cT (1) =c".

(d): This follows from 0 = (A 1) A'w = (A 1) (Apw)+(A 1) NI (4], yw)+
(A I)"(Agw) = (4 I)B(A}gw) —(AI).

(e): By (c), y as in Q) of the SIMPLEX ALGORITHM is given by the last row
of Tp. If y > 0, we stop (x and y are optimal). Otherwise i is the first index with
yi < 0, found in O(n + m) time. If the i-th column of 7p has no positive entry,
we stop (the LP is unbounded, and w is given by (d)). Otherwise, by (b) and (d), we
have that A in @) of the SIMPLEX ALGORITHM is given by

N (OBD);
(QB(AI));

and among the indices attaining this minimum, j is the one for which the j-th
component of B is minimum. So we can compute j in O(m) time by considering
the i -th and the last column of Tg. This yields B’.

We can compute the updated tableau 75+ as follows: Divide the j-th row by the
entry in row j and column i. Then add a suitable multiple of the j-th row to all
other rows, such that the i-th column has zeros only outside row ;.

Note that these row operations do not destroy the property that the tableau has

the form
( QA1) Qb)
v(AT)—c|vb

A =mi je{l,....m}, (Qp(A D)), >0 ,
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for some nonsingular matrix Q and some vector v, and in addition we have
O(AE = 1 and (v(41) — ¢)B = 0. Since there is only one choice for Q
and v, namely Q = QOp and v = B 0p, the updated tableau 7T’ is computed
correctly by the above operations in O(m(n + m)) time. O

To start the SIMPLEX ALGORITHM we consider an LP of the form
max{cx : A'x <b', A'x <b", x >0}

with 4/ € R™>n_ A" ¢ Rm">n b/ > (0 and b” < 0. We first run the SIMPLEX
ALGORITHM on the instance

min{(1A")x + Iy : A'x <b', Ax +y = b", x,y = 0},

starting with the tableau

A0 T10| Y
—A" —101[-b" ], (3.5)
1A 1 00] 0

corresponding to the basic solution x = 0, y = 0. Then we run the iterations of the
SIMPLEX ALGORITHM as in Theorem 3.17(e).

If the algorithm terminates with optimum value 1b, we modify the final simplex
tableau as follows. Multiply some rows by —1 such that none of the columns n +
m”+m’+1, ..., n+m"+m’'+m" (the fourth section in (3.5)) is a unit vector, delete
the fourth section of the tableau (i.e. columns n+m” +m’+1, ..., n+m"” +m’'+m"),
and replace the last row by (—c, 0,0, 0). Then add suitable multiples of the other
rows to the last row in order to get zeros at m’+m” places corresponding to columns
with distinct unit vectors; these will form our basis. The result is the simplex tableau
with respect to the original LP and this basis. Therefore we can continue running
the iterations of the SIMPLEX ALGORITHM as in Theorem 3.17(e).

In fact, one can often do even more efficiently. Suppose we want to solve an
LP min{cx : Ax > b, x > 0} with a very large number of inequalities which are
implicitly given in a way that allows us to solve the following problem efficiently:
Given a vector x > 0, decide if Ax > b and find a violated inequality otherwise.
We apply the SIMPLEX ALGORITHM to the dual LP max{yb : yA < ¢,y > 0} =
max{by : ATy < ¢,y > 0}.Let b := (b',0). For a basis B we set Qp =
((AT I)B)~1 and store only the right-hand part of the simplex tableau

Op |Opc
hB Op|lb™x |
The last row of the full simplex tableau is b8 Op(ATI) —b.To perform an iteration,
we must check if b2 Qp > 0and b8 QAT —b > 0, and find a negative component

if one exists. This reduces to solving the above problem for x = (bB 0O3p)". Then
we generate the corresponding column of the full simplex tableau, but only for the
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current iteration. After updating the reduced tableau we can delete it again. This
technique is known under the names revised simplex and column generation. We
will see applications later.

3.4 Duality

Theorem 3.14 shows that the LPs (3.1) and (3.2) are related. This motivates the
following definition:

Definition 3.18. Given a linear program max{cx : Ax < b}, we define the dual
LP t0 be the linear program min{yb : yA = c, y > 0}.

In this case, the original LP max{cx : Ax < b} is often called the primal LP.
Proposition 3.19. The dual of the dual of an LP is (equivalent to) the original LP.

Proof: Let the primal LP max{cx : Ax < b} be given. Its dual is min{yb : yA =
¢, y = 0}, or equivalently

AT c
—max —by:|—AT |y <|—c
-1 0

(Each equality constraint has been split up into two inequality constraints.) So the
dual of the dual is

z
—min{ze—z'c:(A—A-I) |2/ | ==b, 2.2, w=0
w
which is equivalent to —min{—cx : —Ax —w = —b, w > 0} (where we have
substituted x for z/ — z). By eliminating the slack variables w we see that this is
equivalent to the primal LP. O

We now obtain the most important theorem in LP theory, the Duality Theorem:

Theorem 3.20. (von Neumann [1947], Gale, Kuhn and Tucker [1951]) If the
polyhedra P .= {x : Ax <b}and D :={y : yA = ¢, y > 0} are both nonempty,
then max{cx : x € P} = min{yb : y € D}.

Proof: If D is nonempty, it has a vertex y. We run the SIMPLEX ALGORITHM
for min{yb : y € D} and y. By Proposition 3.13, the existence of some x € P
guarantees that min{yb : y € D} is not unbounded. Thus by Theorem 3.14, the
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SIMPLEX ALGORITHM returns optimum solutions y and z of the LP min{yb : y €
D} and its dual. However, the dual is max{cx : x € P} by Proposition 3.19. We
have yb = cz, as required. |

We can say even more about the relation between the optimum solutions of the
primal and dual LP:

Corollary 3.21. Let max{cx : Ax < b} and min{yb : yA = ¢, y > 0} be a
primal-dual pair of LPs. Let x and y be feasible solutions, i.e. Ax < b, yA = ¢
and 'y > 0. Then the following statements are equivalent:

(a) x and y are both optimum solutions.
(b) cx = yb.
(c) y(b— Ax) = 0.

Proof: The Duality Theorem 3.20 immediately implies the equivalence of (a) and
(b). The equivalence of (b) and (c) follows from y(b—Ax) = yb—yAx = yb—cx.
O

The property (c) of optimum solutions is often called complementary slack-
ness. It can also be formulated as follows: a point x* € P = {x : Ax < b}is an
optimum solution of max{cx : x € P} if and only if ¢ is a nonnegative combination
of those rows of A which correspond to inequalities of Ax < b that are satisfied by
x* with equality. It also implies:

Corollary 3.22. Let P = {x : Ax < b} be a polyhedron and 9 # Z < P.
Then the set of vectors ¢ for which each z € Z is an optimum solution of max{cx :
x € P} is the cone generated by the rows of A’, where A'x < b’ is the maximal
subsystem of Ax < b with A’z = b’ forallz € Z.

Proof: There is a z € conv(Z) that satisfies all other inequalities of Ax < b
strictly. Let ¢ be a vector for which each element of Z, and hence also z, is an
optimum solution of max{cx : x € P}. Then by Corollary 3.21 there exists an
y > 0 with ¢ = yA’, i.e. ¢ is a nonnegative linear combination of the rows of A’.
Conversely, forarow a’x < ' of A’x < b’ andz € Z we havea’z = ' =
max{a’x : x € P}. O

Let us write Corollary 3.21 in another form:

Corollary 3.23. Let min{cx : Ax > b, x > 0} and max{yb : yA <c, y > 0} be
a primal-dual pair of LPs. Let x and y be feasible solutions, i.e. Ax > b, yA < ¢
and x,y > 0. Then the following statements are equivalent:

(a) x and y are both optimum solutions.
(b) cx = yb.
() (c—yA)x =0and y(b — Ax) = 0.

Proof: The equivalence of (a) and (b) is obtained by applying the Duality Theorem
3.20to max {(—c)x : (Z4)x < (&)}
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To prove that (b) and (c) are equivalent, observe that we have y(b — Ax) <0 <
(¢ — yA)x for any feasible solutions x and y, and that y(b — Ax) = (¢ — yA)x iff
yb = cx. O

The two conditions in (c) are sometimes called primal and dual complemen-
tary slackness conditions.

The Duality Theorem has many applications in combinatorial optimization. One
reason for its importance is that the optimality of a solution can be proved by giving
a feasible solution of the dual LP with the same objective value. We shall show now
how to prove that an LP is unbounded or infeasible:

Theorem 3.24. There exists a vector x with Ax < b if and only if yb > 0 for each
vector y > 0 for which yA = 0.

Proof: If there is a vector x with Ax < b, then yb > yAx = Oforeach y > 0
with yA = 0.
Consider the LP

—min{lw : Ax —w < b, w > 0}. (3.6)

Writing it in standard form we have

mefon ()62 () =6

The dual of this LP is

e () (4 5 ()= (5) =0},

or, equivalently,
min{yb : yA =0,0<y < 1}. 3.7

Since both (3.6) and (3.7) have a solution (x = 0, w = |b|, y = 0), we can apply
Theorem 3.20. So the optimum values of (3.6) and (3.7) are the same. Since the
system Ax < b has a solution iff the optimum value of (3.6) is zero, the proof is
complete. O

So the fact that a linear inequality system Ax < b has no solution can be proved
by giving a vector y > 0 with yA = 0 and yb < 0. We mention two equivalent
formulations of Theorem 3.24:

Corollary 3.25. There is a vector x > 0 with Ax < b if and only if yb > 0 for
each vector y > 0 with yA > 0.

Proof: Apply Theorem 3.24 to the system ( _AI ) x < (g ) O
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Corollary 3.26. (Farkas [1894]) There is a vector x > 0 with Ax = b if and only
if yb > 0 for each vector y with yA > 0.

Proof: Apply Corollary 3.25 to the system (_AA ) x < ( _bb ), x > 0. O

Corollary 3.26 is usually known as Farkas’ Lemma. The above results in turn
imply the Duality Theorem 3.20 which is interesting since they have quite easy
direct proofs (in fact they were known before the SIMPLEX ALGORITHM); see
Exercises 11 and 12.

We have seen how to prove that an LP is infeasible. How can we prove that an
LP is unbounded? The next theorem answers this question.

Theorem 3.27. If an LP is unbounded, then its dual LP is infeasible. If an LP has
an optimum solution, then its dual also has an optimum solution.

Proof: The first statement follows immediately from Proposition 3.13.

To prove the second statement, suppose that the (primal) LP max{cx : Ax < b}
has an optimum solution x*, but the dual min{yb : yA = ¢, y > 0} is infeasible (it
cannot be unbounded due to the first statement). In other words, there isno y > 0
with ATy = ¢, and we apply Farkas’ Lemma (Corollary 3.26) to get a vector Z
with zAT > 0 and z¢ < 0. But then x* — z is feasible for the primal, because
A(x*—z) = Ax*— Az < b. The observation c¢(x*—z) > cx™* therefore contradicts
the optimality of x*. O

So there are four cases for a primal-dual pair of LPs: either both have an opti-
mum solution (in which case the optimum values are the same), or one is infeasible
and the other one is unbounded, or both are infeasible. We also note:

Corollary 3.28. A feasible LP max{cx : Ax < b} is bounded if and only if ¢
belongs to the cone generated by the rows of A.

Proof: The LP is bounded iff its dual is feasible, i.e. thereisa y > 0 with y4 = c.
O

Farkas’ Lemma also enables us to prove that each finitely generated cone is
polyhedral:

Theorem 3.29. (Minkowski [1896], Weyl [1935]) A cone is polyhedral if and
only if it is finitely generated.

Proof: The only-if direction is given by Lemma 3.12. So consider the cone C
generated by ay, ..., a;. We have to show that C is polyhedral. Let A be the matrix
whose rows are aq, ..., d;.

By Lemma 3.12, the cone D := {x : Ax < 0} is generated by some vectors
b1,...,bs. Let B be the matrix whose rows are by, ..., bs. We prove that C = {x :
Bx < 0}.

As bja; = a;b; < Oforalli and j, we have C C {x : Bx < 0}. Now suppose
there is a vector w ¢ C with Bw < 0. w ¢ C means that there is no v > 0 such



3.5 Convex Hulls and Polytopes 67

that ATv = w. By Farkas’ Lemma (Corollary 3.26) this means that there is a vector
y with yw < 0 and Ay > 0. So —y € D. Since D is generated by by, ...,bs we
have —y = z B for some z > 0. But then 0 < —yw = zBw < 0, a contradiction.

O

3.5 Convex Hulls and Polytopes

In this section we collect some more facts on polytopes. In particular, we show that
polytopes are precisely those sets that are the convex hull of a finite number of
points. We start by recalling some basic definitions:

Definition 3.30. Given vectors x1,...,xx € R" and A1,..., A > 0 with
S* A= 1, wecall x = Y Xixi a convex combination of xi.. .., x;.
Aset X C R" isconvex if Ax + (1 —A)y € X forall x,y € X and A € [0, 1].
The convex hull conv(X) of a set X is defined as the set of all convex combi-
nations of points in X. An extreme point of a set X is an element x € X with

x & conv(X \ {x}).

So a set X is convex if and only if all convex combinations of points in X are
again in X. The convex hull of a set X is the smallest convex set containing X.
Moreover, the intersection of convex sets is convex. Hence polyhedra are convex.
Now we prove the “finite basis theorem for polytopes”, a fundamental result which
seems to be obvious but is not trivial to prove directly:

Theorem 3.31. (Minkowski [1896], Steinitz [1916], Weyl [1935]) A set P is a
polytope if and only if it is the convex hull of a finite set of points.

Proof: (Schrijver [1986]) Let P = {x € R" : Ax < b} be anonempty polytope.
Obviously,

P:{x:(’f)ec}, whereC:{(;)ER”Jrl:/\zO,Ax—Abe .

C is a polyhedral cone, so by Theorem 3.29 it is generated by finitely many nonzero
vectors, say by ()ﬁ | (fz ). Since P is bounded, all A; are nonzero; w.l.o.g. all
A; are 1. So x € P if and only if

() = (2)+-om (1)

for some i1, ..., ur > 0.In other words, P is the convex hull of xy, ..., x.
Now let P be the convex hull of x;,...,x; € R". Then x € P if and only if
(1) € C, where C is the cone generated by (') ,..., ("f). By Theorem 3.29, C

is polyhedral, so
C = %(;) :Ax—i—bkfo}.

We conclude that P = {x € R" : Ax + b < 0}. O
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Corollary 3.32. A polytope is the convex hull of its vertices.

Proof: Let P be a polytope. By Theorem 3.31, the convex hull of its vertices is a
polytope Q. Obviously Q € P. Suppose there is a point z € P \ Q. Then there
is a vector ¢ with ¢z > max{cx : x € Q}. The supporting hyperplane {x : cx =
max{cy : y € P}} of P defines a face of P containing no vertex. This is impossible
by Corollary 3.10. O

The previous two and the following result are the starting point of polyhedral
combinatorics; they will be used very often in this book. For a given ground set £
and a subset X C E, the incidence vector of X (with respect to E) is defined as
the vector x € {0, 1}£ withx, = 1 fore € X and x, = Ofore € E \ X.

Corollary 3.33. Let (E, F) be a set system, P the convex hull of the incidence vec-
tors of the elements of F, and ¢ : E — R. Then max{cx : x € P} = max{c(X) :
X e F}.

Proof: Since max{cx : x € P} > max{c(X) : X € F} is trivial, let x be
an optimum solution of max{cx : x € P} (note that P is a polytope by Theorem

3.31). By definition of P, x is a convex combination of incidence vectors yq, ..., Yk
of elements of F: x = Y ¥_ A;y; for some Ay,...,Ax > 0 with Y5_ 4, = 1,
Since cx = Z;{:l Aicyi, we have cy; > cx for atleastonei € {1,...,k}. This y;
is the incidence vector of aset Y € F with ¢(Y) = cy; > cx. O
Exercises

1. Let H be a hypergraph, F € V(H), and x,y : F — R. The task is to find

x,y : V(H)\ F — R such that ZeeE(H)(mavaex(v) — minyee x(v) +
maXyee ¥ (V) — minyee y(v)) is minimum. Show that this can be formulated as
an LP.
Note: This is a relaxation of a placement problem in VLSI design. Here H is
called the netlist, and its vertices correspond to modules that need to placed
on the chip. Some (those in F) are pre-placed in advance. The main difficulty
(ignored in this relaxation) is that modules must not overlap.

2. A set of vectors xp,...,xg is called affinely independent if there is no A €
R\ {0} with AT1 = 0 and Z;{:l Aixi =0.Let @ # X C R". Show that the
maximum cardinality of an affinely independent set of elements of X equals
dimX + 1.

3. Let P, Q € R” be polyhedra. Prove that the closure of conv(P U Q) is a poly-
hedron. Show polyhedra P and Q for which conv(P U Q) is not a polyhedron.

4. Show that the problem to compute the largest ball that is a subset of a given
polyhedron can be formulated as a linear program.

5. Let P be a polyhedron. Prove that the dimension of any facet of P is one less
than the dimension of P.
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. Let F be a minimal face of a polyhedron {x : Ax < b}. Prove that then Ax =

Ay forall x,y € F.

.Let A € R™" b € R™, ¢ € R", and u € Z". Consider the LP max{cx :

Ax < b, 0 < x < uj}. Prove: if this LP has an optimum solution, then it has an
optimum solution with at most m components that are not integers.

. Formulate the dual of the LP formulation (1.1) of the JOB ASSIGNMENT PROB-

LEM. Show how to solve the primal and the dual LP in the case when there are
only two jobs (by a simple algorithm).

. Let G be a digraph, ¢ : E(G) — Ry, E1,E; € E(G), and s,t € V(G).

Consider the following linear program

min Z c(e)ye

ecE(G)
S.t. Ye = Zw — 2w (e = (Uv w) € E(G))
Zr—2s =1
Ye =0 (e € Ev)
Ye =0 (e € En).

Prove that there is an optimum solution (y,z) and s € X C V(G) \ {¢} with
Ye = 1fore € §7(X), yo = —1fore € §7(X) \ E1, and y. = 0 for all other
edges e.

Hint: Consider the complementary slackness conditions for the edges entering
or leaving {v € V(G) : 2y < zZs}.

Let Ax < b be a linear inequality system in n variables. By multiplying each
row by a positive constant we may assume that the first column of 4 is a vector
with entries 0, —1 and 1 only. So we can write Ax < b equivalently as

a,x' <b; (i=1,...,m),
—x1 +a;x" < by (j=mi+1,...,mp),
X1+ apx’ < by (k=my+1,...,m),
where X = (x2,...,x,) and @, ..., a,, are the rows of A without the first

entry. Then one can eliminate x;: Prove that Ax < b has a solution if and only
if the system

a;x' <b; i=1,...,m),

a}x’—bj < b —apx’ (G=mi+1,....my, k=my+1,...,m)

has a solution. Show that this technique, when iterated, leads to an algorithm
for solving a linear inequality system Ax < b (or proving infeasibility).

Note: This method is known as Fourier-Motzkin elimination because it was
proposed by Fourier and studied by Motzkin [1936]. One can prove that it is
not a polynomial-time algorithm.
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11. Use Fourier-Motzkin elimination (Exercise 10) to prove Theorem 3.24 directly.
(Kuhn [1956])

12. Show that Theorem 3.24 implies the Duality Theorem 3.20.

13. Prove the decomposition theorem for polyhedra: Any polyhedron P can be
written as P = {x + ¢ : x € X, ¢ € C}, where X is a polytope and C is
a polyhedral cone.

(Motzkin [1936])
14. Let P be a rational polyhedron and F a face of P. Show that
{¢:cz=max{cx :x € P} forall z € F}
is a rational polyhedral cone.

15. Prove Carathéodory’s theorem:

If X € R" and y € conv(X), then there are xi,...,X,+1 € X such that
y €conv({xy,..., Xnt1})-
(Carathéodory [1911])

16. Prove the following extension of Carathéodory’s theorem (Exercise 15):

If X € R” and y,z € conv(X), then there are xy,...,x, € X such that
y €conv({z,X1,...,Xn}).

17. Prove that the extreme points of a polyhedron are precisely its vertices.

18. Let P be a nonempty polytope. Consider the graph G(P) whose vertices are
the vertices of P and whose edges correspond to the 1-dimensional faces of P.
Let x be any vertex of P, and ¢ a vector with ¢"x < max{c'z : z € P}. Prove
that then there is a neighbour y of x in G(P) withc¢"x < ¢ y.

19. Use Exercise 18 to prove that G(P) is n-connected for any n-dimensional poly-
tope P (n > 1).

20. Let P € R” be a polytope (not necessarily rational) and y ¢ P. Prove that
there exists a rational vector ¢ with max{cx : x € P} < cy. Show that the
statement does not hold for general polyhedra.

21. Let X C R” be a nonempty convex set, X the closure of X, and y ¢ X. Prove:
(a) There is a unique point in X that has minimum distance to y.

(b) There exists a vectora € R” \ {0} witha"x <aTy forall x € X.

(c) If y ¢ X, then there exists a vectora € R” witha™x < aTy forallx € X.

(d) If X is bounded and y ¢ X, then there exists a vector a € Q" witha™x <
a'yforallx € X.

(e) A closed convex set is the intersection of all closed half-spaces contain-
ing it.
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4 Linear Programming Algorithms

Three types of algorithms for LINEAR PROGRAMMING had the most impact: the
SIMPLEX ALGORITHM (see Section 3.2), interior point algorithms, and the ELLIP-
SOID METHOD.

Each of these has a disadvantage: In contrast to the other two, so far no variant of
the SIMPLEX ALGORITHM has been shown to have a polynomial running time. In
Sections 4.4 and 4.5 we present the ELLIPSOID METHOD and prove that it leads to a
polynomial-time algorithm for LINEAR PROGRAMMING. However, the ELLIPSOID
METHOD is too inefficient to be used in practice. Interior point algorithms and,
despite its exponential worst-case running time, the SIMPLEX ALGORITHM are far
more efficient, and they are both used in practice to solve LPs. In fact, both the
ELLIPSOID METHOD and interior point algorithms can be used for more general
convex optimization problems, e.g. for so-called semidefinite programs.

An advantage of the SIMPLEX ALGORITHM and the ELLIPSOID METHOD is
that they do not require the LP to be given explicitly. It suffices to have an oracle
(a subroutine) which decides whether a given vector is feasible and, if not, returns
a violated constraint. We shall discuss this in detail with respect to the ELLIPSOID
METHOD in Section 4.6, because it implies that many combinatorial optimization
problems can be solved in polynomial time; for some problems this is in fact the
only known way to show polynomial solvability. This is the reason why we discuss
the ELLIPSOID METHOD but not interior point algorithms in this book.

A prerequisite for polynomial-time algorithms is that there exists an optimum
solution that has a binary representation whose length is bounded by a polynomial
in the input size. We prove in Section 4.1 that this condition holds for LINEAR
PROGRAMMING. In Sections 4.2 and 4.3 we review some basic algorithms needed
later, including the well-known Gaussian elimination method for solving systems
of equations.

4.1 Size of Vertices and Faces

Instances of LINEAR PROGRAMMING are vectors and matrices. Since no strongly
polynomial-time algorithm for LINEAR PROGRAMMING is known we have to
restrict attention to rational instances when analyzing the running time of algo-
rithms. We assume that all numbers are coded in binary. To estimate the size (num-
ber of bits) of this representation we define size(n) := 1 + [log(|n| + 1)] for

B. Korte and J. Vygen Combinatorial Optimization, 73
Algorithms and Combinatorics 21, DOI 10.1007/978-3-642-24488-9_ 4,
© Springer-Verlag Berlin Heidelberg 2012
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integers n € Z and size(r) := size(p) + size(q) for rational numbers r = 5’
where p, q are relatively prime integers (i.e. their greatest common divisor is 1).
For vectors x = (x1,...,X,) € Q" we store the components and have size(x) :=
n + size(x1) + ... + size(x,). For a matrix A € Q™" with entries a;; we have
size(A) :=mn + 3, ; size(aij).

Of course these precise values are a somewhat random choice, but remember
that we are not really interested in constant factors. For polynomial-time algorithms
it is important that the sizes of numbers do not increase too much by elementary
arithmetic operations. We note:

Proposition 4.1. Ifrq,...,r, are rational numbers, then

size(ry ---1rp) < size(ry) + - - + size(ry);
size(ry + -+ 4+ rp) < 2(size(ry) + - - - + size(ry)).

Proof: For integers sy, ..., s, we obviously have size(s; ---s,) < size(s1)+---+
size(s,) and size(s; + - -+ + s,) < size(sy) + - - + size(sy).
Let now r; = %, where p; and ¢; are nonzero integers (i = 1,...,n). Then
1

size(ry -+ -ry) <size(p1--- pn) + size(q1 -+ - qn) < size(ry) + --- + size(ry).
For the second statement, observe that the denominator ¢;---¢, has size

at most size(q;) + --- + size(qn). The numerator is the sum of the num-
bers ¢1---qi—1piqi+1---qn (i = 1,...,n), so its absolute value is at most
(Ip1l + -+ + |puD|q1---gnl|. Therefore the size of the numerator is at most
size(ry) + -+ - 4 size(ry). O

The first part of this proposition also implies that we can often assume w.l.o.g.
that all numbers in a problem instance are integers, since otherwise we can multiply
each of them with the product of all denominators. For addition and inner product
of vectors we have:

Proposition 4.2. Ifx,y € Q" are rational vectors, then

size(x + y) < 2(size(x) + size(y));
size(x"y) < 2(size(x) + size(y)).

Proof: Using Proposition 4.1 we have size(x + y) = n + Y i size(x; +
yi) < n 4237 size(x;) + 2Y 0 size(y;) = 2(size(x) + size(y)) — 3n
and size(x"y) = size () ;_; xiyi) < 2 i_ysize(x;y;) < 2 r_;size(x;) +
2370 size(yi) = 2(size(x) + size(y)) — 4n. O

Even under more complicated operations the numbers involved do not grow fast.
Recall that the determinant of a matrix A = (a;;)1<i,;<n is defined by

n
detd = Z sgn(n)l_[ai,,,(,-), 4.1

eSSy i=1
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where S, is the set of all permutations of {1,...,n} and sgn(s) is the sign of the
permutation 7 (defined to be 1 if & can be obtained from the identity map by an
even number of transpositions, and —1 otherwise).

Proposition 4.3. For any rational square matrix A we have size(detA) <
2size(A).

Proof: We write a;; = % with relatively prime integers p;;,q;;. Now let
Ly

detAzg where p and g are relatively prime integers. Then |det A| < [T, ;Upijl +
1) and |g| < ]_[,-’j |gij|. We obtain size(q) < size(A) and, using |p| = |det A||q| <
l_l,-,j(lpijl + Dlgisl,

size(p) < Z(size(pfj) + 1 +size(g;;)) = size(A).
ij O

With this observation we can prove:

Theorem 4.4. Suppose the rational LP max{cx : Ax < b} has an optimum solu-
tion. Then it also has an optimum solution x with size(x) < 4n(size(A) + size(b)),
with components of size at most 4(size(A) + size(b)). If b = e; or b = —e; for
some unit vector e;, then there is a nonsingular submatrix A" of A and an optimum
solution x with size(x) < 4nsize(A’).

Proof: By Corollary 3.5, the maximum is attained in a face F of {x : Ax < b}.
Let F/ C F be a minimal face. By Proposition 3.9, F/ = {x : A’x = b’} for
some subsystem A’x < b’ of Ax < b. W.Lo.g., we may assume that the rows of A’
are linearly independent. We then take a maximal set of linear independent columns
(call this matrix 4”) and set all other components to zero. Then x = (A”)~14/, filled
up with zeros, is an optimum solution to our LP. By Cramer’s rule the entries of x
are given by x; = ‘33—‘3{,/,/, where A" arises from A” by replacing the j-th column
by b’. By Proposition 4.3 we obtain size(x) < n + 2n(size(A”") + size(4”)) <
4n(size(A”) + size(d’)). If b = =e; then |det(A”)| is the absolute value of a
subdeterminant of A”. O

The encoding length of the faces of a polytope given by its vertices can be esti-
mated as follows:

Lemma 4.5. Let P C R” be a rational polytope and T € N such that size(x) < T
for each vertex x. Then P = {x : Ax < b} for some inequality system Ax < b,
each of whose inequalities ax < B satisfies size(a) + size(B) < 75n*T.

Proof: First assume that P is full-dimensional. Let F = {x € P : ax = B} bea
facet of P, where P C {x : ax < f}.

Let yi1,...,y: be the vertices of I’ (by Proposition 3.6 they are also vertices
of P). Let ¢ be the solution of Mc¢ = e;, where M is a t X n-matrix whose i-th
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rowis y; —y1 (i =2,...,t)and whose first row is some unit vector that is linearly
independent of the other rows. Observe that rank(M ) = n (because dim F = n—1).
So we have ¢ = ka for some k € R\ {0}.

By Theorem 4.4 size(c) < 4nsize(M'), where M’ is a nonsingular n X n-
submatrix of M. By Proposition 4.2 we have size(M’) < 4nT and size(c' y;) <
2(size(c) + size(y1)). So the inequality ¢ "x < § (or¢"x > § if &k < 0), where § :=
¢y, = kB, satisfies size(c) + size(8) < 3size(c) + 2T < 48n%T 42T < 50n>T.
Collecting these inequalities for all facets F' yields a description of P.

If P = @, the assertion is trivial, so we now assume that P is neither full-
dimensional nor empty. Let V' be the set of vertices of P. Fors = (s1,...,5,) €
{—1, 1}" let P be the convex hull of VU {x+s;e; : x € V,i = 1,...,n}. Each P
is a full-dimensional polytope (Theorem 3.31), and the size of any of its vertices is at
most 7' 4n (cf. Corollary 3.32). By the above, Py can be described by inequalities of
size at most 50n*(T + n) < 75n°T (note that T > 2n). Since P = (;e_y 1yn Ps.
this completes the proof. O

4.2 Continued Fractions

When we say that the numbers occurring in a certain algorithm do not grow too fast,
we often assume that for each rational £ the numerator p and the denominator g
are relatively prime. This assumption causes no problem if we can easily find the
greatest common divisor of two natural numbers. This is accomplished by one of
the oldest algorithms:

EUCLIDEAN ALGORITHM
Input: Two natural numbers p and q.

Output:  The greatest common divisor d of p and ¢, i.e. § and % are relatively
prime integers.

@M  While p > 0and g > 0 do:
If p <gthensetg :=q— L%Jp elseset p := p — ngq.

® Returnd := max{p,q}.

Theorem 4.6. The EUCLIDEAN ALGORITHM works correctly. The number of
iterations is at most size(p) + size(q).

Proof: The correctness follows from the fact that the set of common divisors of p
and ¢ does not change throughout the algorithm, until one of the numbers becomes
zero. One of p or ¢ is reduced by at least a factor of two in each iteration, hence
there are at most log p + logg + 1 iterations. O

Since no number occurring in an intermediate step is greater than p and g, we
have a polynomial-time algorithm.



4.2  Continued Fractions 77

A similar algorithm is the so-called CONTINUED FRACTION EXPANSION. This
can be used to approximate any number by a rational number whose denominator is

not too large. For any positive real number x we define xo := x and x; 4 := ﬁ
fori = 1,2,...,until x; € N for some k. Then we have
o)+~ = Lxo]+ Lo+ ——
x=.x0: xO _— = xO —1 = xO —1:
X1 |_x1J + E |_)C1J + m

We claim that this sequence is finite if and only if x is rational. One direction
follows immediately from the observation that x; 4 is rational if and only if x; is
rational. The other direction is also easy: If x = £, the above procedure is equiva-
lent to the EUCLIDEAN ALGORITHM applied to p and ¢q. This also shows that for a
given rational number 5 with p, g > 0 the (finite) sequence x, X2, . .., X; as above
can be computed in polynomial time. The following algorithm is almost identical
to the EUCLIDEAN ALGORITHM except for the computation of the numbers g; and

h;; we shall prove that the sequence ( £ converges to x.
hi)ien

CONTINUED FRACTION EXPANSION

Input: Natural numbers p and g (let x := f).
. . _ Pi : _> S
Output:  The sequence (xl = q_i)i=o . with xo = 7 and x4+ 1= TET

S 1.

@® Seti:=0, pp:= pandgqgp:=gq.
Setg_»:=0,g_1:=1,h5:=1,and h_; := 0.

®  While g; # 0do:

Seta; = L%J-

Setgi :=a;gi—1+ gi—2.

Seth; :=a;jhj_1 + h;j_>.

Setqi+1 := pi —aiq;.

Set pit+1 = qi.

Seti =i+ 1.

We claim that the sequence % yields good approximations of x. Before we can
. . .’ .
prove this, we need some preliminary observations:

Proposition 4.7. The following statements hold for all iterations i in the above
algorithm:

(@) a; = 1 (except possibly fori = 0) and hi > h;_1.
(b) gi—1hi —gihi—1 = (=1)".

Pi8i—1t4qigi—2
© —F———=x

pihi—1 +qihi—2

(d) ;‘:—f <xifi isevenandi—f > x if'i is odd.
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Proof: (a) is obvious. (b) is easily shown by induction: For i = 0 we have
gi—1hi — gihi—1 = g—1ho = 1, and fori > 1 we have
gi—1hi — gihi—1 = gi—1(ajhi—1 + hi—2) —hi—1(aigi—1 + gi—2)
= gi—1hi—> —hi—18i-2.
(c) is also proved by induction: For i = 0 we have

pigi-1+t4ig&—> pi-1+0
= = X
pihi-1 +qihia  O0+gq;-1

Fori > 1 we have

pig&i—1 +qigi—  qi—1(ai—18i—2 + gi-3) + (pi—1 — ai—19i-1)gi—
pihici +qihi2  qi—1(ai—1hi—2 + hi—3) + (pi—1 — ai-1gi—1)hi—
_ 4i-18i-3 * Pi-18i—2
" gi—1hi—s + pi—thia

We finally prove (d). We note % =0<x <o0 = % and proceed by
induction. The induction step follows easily from the fact that the function f(«) :=

agi—1+8i—2 ; Diy —
ah. | Fh— is monotone for o > 0, and f( ql{) = x by (¢). O

Theorem 4.8. (Khintchine [1956]) Given a rational number o and a natural
number n, a rational number B with denominator at most n such that |« — B| is
minimum can be found in polynomial time (polynomial in size(n) + size(a)).

Proof: We run the CONTINUED FRACTION EXPANSION with x := «. If the
algorithm stops with ¢; = 0 and h;—; < n, we can set § = ij—:: = « by
Proposition 4.7(c). Otherwise let i be the last index with #; < n, and let ¢ be
the maximum integer such that th; 4+ h;_; < n (cf. Proposition 4.7(a)). Since
aj41hi +hi—1 = hj+1 > n, we have t < a;4+1. We claim that
yo= 8 o g o= B8
hi thi +hi—y
is an optimum solution. Both numbers have denominators at most 7.
If i is even, then y < x < z by Proposition 4.7(d). Similarly, if i is odd, we have
y > x > z. We show that any rational number f between y and z has denominator
greater than n.
Observe that

|higi—1 —hi-18i| _ 1
hi(th; + hi—1) hi(th; + hi—1)
(using Proposition 4.7(b)). On the other hand,

lz =yl =

P' ‘P ‘ 1 1 hi—1 4+ (@ + Dh;
z=yl =lz==|+|==y| 2 77—+ —=—"F"—""7T"T,
q q (thi +hi—1)q ~ hig  qhi(th; + hi—1)
soq > hi—1+ (+ Dh; > n. O

The above proof is from the book of Grotschel, Lovasz and Schrijver [1988],
which also contains important generalizations.
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4.3 Gaussian Elimination

The most important algorithm in linear algebra is the so-called Gaussian elimina-
tion. It has been applied by Gauss but was known much earlier (see Schrijver [1986]
for historical notes). Gaussian elimination is used to determine the rank of a matrix,
to compute the determinant and to solve a system of linear equations. It occurs very
often as a subroutine in linear programming algorithms; e.g. in () of the SIMPLEX
ALGORITHM.

Given a matrix A € Q™*", our algorithm for Gaussian Elimination works with
an extended matrix Z = (B C) € Q"<+ initially B = A and C = I. The
algorithm transforms B to the form ((I) g) by the following elementary operations:
permuting rows and columns, adding a multiple of one row to another row, and
(in the final step) multiplying rows by nonzero constants. At each iteration C is
modified accordingly, such that the property CA = B is maintained throughout
where A results from A by permuting rows and columns.

The first part of the algorithm, consisting of 2) and (3), transforms B to an upper
triangular matrix. Consider for example the matrix Z after two iterations; it has the
form

21170 zZ1i2 ziz cc- Za| 1 0 0---0
0 2z22#0 223 -+ Z2n|Z2a41 1 0+ - -0
0 0 233 - 232|23n+1 23042 10 - - 0
. ) . .0
I -
0
0 0  Zm3 - Zmn|Zmn+1 Zmn+2 0 - - 01

If z33 # 0, then the next step just consists of subtracting ;’Té times the third
row from the i-th row, fori = 4, ... ,m. If z33 = 0 we first exchange the third row
and/or the third column with another one. Note that if we exchange two rows, we
have to exchange also the two corresponding columns of C in order to maintain the
property C A = B. To have 4 available at each point we store the permutations of
the rows and columns in variables row(i),i = 1,...,mand col(j), j = 1,...,n.
Then A = (Arow(i),col(j))iE{l,...,m},je{l,...,n}-

The second part of the algorithm, consisting of @ and (5), is simpler since no
rows or columns are exchanged anymore.

GAUSSIAN ELIMINATION
Input: A matrix A = (a;;) € Q™.

Output:  Ttsrank r,
a maximal nonsingular submatrix A'=(arow () col(j))i,jell,...r} Of A,
its determinant d = det A’, and its inverse (4") ' =(2i n+,)i,jef1,..r}-
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@O Setr:=0andd :=1.
Setz;; :=a;j,row(i):=iandcol(j):=j (G =1,....m,j =1,...,n).
Setzjnt+j:=0andz; 4 :=1forl <i,j <m,i # j.
@ Letpef{r+1,....mjandge{r+1,...,n}withzp,, # 0. If nosuch p
and ¢ exist, then go to @.

Setr:=r+ 1.

If p # r then exchange z,,; and z,; (j = 1,...,n + m), exchange z; n4
and z; p+» (i = 1,...,m), and exchange row(p) and row(r).

If g # r then exchange z;4 and z;, (i = 1,...,m), and exchange col(q)
and col(r).

B® Setd :=d -z
Fori :=r + 1 tom do:

Seta := ?T’r
For j :=rton +rdo:z;j :=z;; —az,;.
Go to Q.

@  For k := r down to 2 do:
Fori :=1tok —1do:
Set @ := 2k,
Zkk
For j :=kton +rdoz; :=z;j —azgj.

® Fork :=1tor do:
Seta :=

For j := {ton +rdozg; = azg;.

Theorem 4.9. GAUSSIAN ELIMINATION works correctly and terminates after
O(mnr) steps.

Proof: First observe that each time before Q) we have z;; # Ofori € {1,...,r}
and z;; = Oforall j € {I,...,r}andi € {j + 1,...,m}. Hence

det((Zij)i,je{l,z ..... r}) = Z1Z2 2 = d # 0.

Since adding a multiple of one row to another row of a square matrix does not
change the value of the determinant (this well-known fact follows directly from the
definition (4.1)) we have

det ()i, je(1,2,.) = det((@row(i),cot(j)i,jet1,2,.r})

at any stage before (5), and hence the determinant d is computed correctly. A is
a nonsingular r X r-submatrix of A. Since (Zij)ie(1,...,m}.je(1,....n} has rank r at
termination and the operations did not change the rank, A has also rank r.

Moreover, Y7 Zin+jdrow(j).colk) = Zik foralli € {l,...,m} and k €
{1,...,n} (i.,e. CA = B in our above notation) holds throughout. (Note that for
j =r+1,...,m we have at any stage z;,4+; = 1 and z; ,4; = Ofori # j.)

Since (2i/)i,jef1,2,..r} is the unit matrix at termination this implies that (4")~! is
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also computed correctly. The number of steps is obviously O (rmn + r?(n +r)) =
O(mnr). O

In order to prove that GAUSSIAN ELIMINATION is a polynomial-time algorithm
we have to guarantee that all numbers that occur are polynomially bounded by the
input size. This is not trivial but can be shown:

Theorem 4.10. (Edmonds [1967]) GAUSSIAN ELIMINATION is a polynomial-
time algorithm. Each number occurring in the course of the algorithm can be stored
with O(m(m + n)size(A)) bits.

Proof: We first show that in ) and () all numbers are 0, 1, or quotients of subde-
terminants of A. First observe that entries z;; withi < r or j < r are not modified
anymore. Entries z;; with j > n +rare0Gf j #n +i)or 1 (fj =n +i).
Furthermore, we have foralls € {r + 1,...,m}andz € {r +1,...,n + m}

det ((Zij)iE{1,2,...,r,s},je{l,z,...,r,t})

st =
$ det ((Zij)i,je{l,Z,...,r})

(This follows from evaluating the determinant det ((Zij)ie{l,z,...,r,s},j e{l,Z,...,r,t})
along the last row because z;; = Oforalls € {r+1,...,m}andall j € {1,...,r}.)
We have already observed in the proof of Theorem 4.9 that

det ((zij)i,jet1,2,.r3) = det ((@row(i).col(j))i,jet1,2,r}) »

because adding a multiple of one row to another row of a square matrix does not
change the value of the determinant. By the same argument we have

det ((Zij)ie{1,2,...,r,s},j6{1,2,...,r,t}) = det ((arow(i),col(j))i6{1,2,...,r,s},j€{1,2,...,r,t})

forse{r+1,...,m}and?t € {r + 1,...,n}. Furthermore,

det((2ij)ief9,2,...r.s} j ett 2,rnte}) = 9t((@row(i),col ()il 2, rs M1}, €l 20} )

foralls e {r +1,...,m}andt € {1,...,r}, which is checked by evaluating the
left-hand side determinant (after (0)) along column n + ¢.

We conclude that at any stage in ) and ) all numbers z;; are 0, 1, or quotients
of subdeterminants of A. Hence, by Proposition 4.3, each number occurring in )
and ) can be stored with O(size(A)) bits.

Finally observe that @) is equivalent to applying @) and () again, choosing p
and g appropriately (reversing the order of the first 7 rows and columns). Hence each
bits, which is O (m(m + n)size(A)).

The easiest way to keep the representations of the numbers z;; small enough is
to guarantee that the numerator and denominator of each of these numbers are rel-
atively prime at any stage. This can be accomplished by applying the EUCLIDEAN
ALGORITHM after each computation. This gives an overall polynomial running
time. O
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In fact, we can easily implement GAUSSIAN ELIMINATION to be a strongly
polynomial-time algorithm (Exercise 4).

So we can check in polynomial time whether a set of vectors is linearly indepen-
dent, and we can compute the determinant and the inverse of a nonsingular matrix
in polynomial time (exchanging two rows or columns changes just the sign of the
determinant). Moreover we get:

Corollary 4.11. Given a matrix A € Q™" and a vector b € Q™ we can in poly-
nomial time find a vector x € Q" with Ax = b or decide that no such vector exists.

Proof: We compute a maximal nonsingular submatrix A’ =(ao(i),col(j))i,j e{1,....r}
of A and its inverse (A))™" = (Zin+,)i,je1.,...r} by GAUSSIAN ELIMINATION.
Then we set x¢o1(j) = Z,rczlzj,nJrkbrow(k) for j = 1,...,r and x; := 0 for
k ¢ {col(1),...,col(r)}. We obtain fori = 1,...r:

n r
Z Arow(),jXj = Z Arow(i),col (j)Xcol (j)
j=1 Jj=1

r r
=Y drow(i).col()) Y Zntkbrow)
j=1 k=1

r r
=Y browk) Y Arowi).col())Zjntk
k=1 Jj=1

= brow(i)-

Since the other rows of A with indices not in {row(1), ..., row(r)} are linear com-
binations of these, either x satisfies Ax = b or no vector satisfies this system of
equations. O

4.4 The Ellipsoid Method

In this section we describe the so-called ellipsoid method, developed by Iudin and
Nemirovskii [1976] and Shor [1977] for nonlinear optimization. Khachiyan [1979]
observed that it can be modified in order to solve LPs in polynomial time. Most
of our presentation is based on (Grotschel, Lovasz and Schrijver [1981]), (Bland,
Goldfarb and Todd [1981]) and the book of Grotschel, Lovdsz and Schrijver [1988],
which is also recommended for further study.

The idea of the ellipsoid method is very roughly the following. We look for
either a feasible or an optimum solution of an LP. We start with an ellipsoid which
we know a priori to contain the solutions (e.g. a large ball). At each iteration k, we
check if the center xj of the current ellipsoid is a feasible solution. Otherwise, we
take a hyperplane containing xj; such that all the solutions lie on one side of this
hyperplane. Now we have a half-ellipsoid which contains all solutions. We take the
smallest ellipsoid completely containing this half-ellipsoid and continue.
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Definition 4.12. An ellipsoid is a set E(A,x) = {z e R" : (z—x)TA Y (z—x) <

1} for some symmetric positive definite n X n-matrix A.

Note that B(x,r) := E(r?I,x) (with I being the n x n unit matrix) is the
n-dimensional Euclidean ball with center x and radius r.
The volume of an ellipsoid E (A4, x) is known to be
volume (E (A, x)) = «/det A volume (B(0, 1))

(see Exercise 7). Given an ellipsoid E (A4, x) and a hyperplane {z : az = ax},
the smallest ellipsoid E(A’, x) containing the half-ellipsoid E’ = {z € E(4, x) :
az > ax} is called the Lowner-John ellipsoid of E’ (see Figure 4.1). It can be

computed by the following formulas:

2 2
A =-""_(a- bhT ),
nz2 -1 n+1

E(A x )

Fig. 4.1.
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One difficulty of the ellipsoid method is caused by the square root in the compu-
tation of b. Because we have to tolerate rounding errors, it is necessary to increase
the radius of the next ellipsoid a little bit. Here is an algorithmic scheme that takes
care of this problem:

ELLIPSOID METHOD

Input: Anumbern € N,n > 2. Anumber N € N. xg € Q" and R € Q,
R >2.
Output:  An ellipsoid E(An, Xn).
@  Set p:= [6N + log(9n3)].
Set Ag := R?I, where [ is the n x n unit matrix.
Setk := 0.

@  Choose any ax € Q" \ {0}.

1
V@i Arax

Set X1 12 xp 1= Xk +

@ Set by, := Aray.

1

b.
n—+1
2n2+3( 2
= k

Set Ak+1 o AZ+1 = 7 — mbkb; .

(Here :~ means computing the entries up to p binary digits behind
the point, taking care that Ax, is symmetric).

@ Setk:=k+1.
If k < N then go to Q) else stop.

So in each of the N iterations an approximation E(Ag 1, Xk+1) of the smallest
ellipsoid containing E(Ag, x;) N{z : axz > apxy} is computed. Two main issues,
how to obtain the a; and how to choose N, will be addressed in the next section.
But let us first prove some lemmas.

Let ||x|| denote the Euclidean norm of vector x, while ||A]| := max{||Ax]| :
||x|] = 1} shall denote the norm of the matrix A. For symmetric matrices, ||A]| is
the maximum absolute value of an eigenvalue and ||A|| = max{x T Ax : ||x|| = 1}.

The first lemma says that each E; := E(Ag,xx) is indeed an ellipsoid.
Furthermore, the absolute values of the numbers involved remain smaller than
R22N 4 psize(x0)  Therefore each iteration of the ELLIPSOID METHOD consists
of O(n?) computational steps, each involving numbers with O(p + size(ay) +
size(R) + size(xp)) bits.

Lemma 4.13. (Grotschel, Lovdsz and Schrijver [1981]) Let k € {0,1,...,N}.
Then Ay is positive definite, and we have

el < lixoll + R2%, (|4l < R*2%,  and  [|A{"]] < R245

Proof: We use induction on k. For k = 0 all the statements are obvious. Assume
that they are true for some k > 0. By a straightforward computation one verifies
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that

2n? 2 ara;
A )7 = At —k_ . 4.2
A1) 2n2 + 3 ( et n—1 aj Aray 4.2)

So (A; Jrl)_1 is the sum of a positive definite and a positive semidefinite matrix;
thus it is positive definite. Hence A , is also positive definite.

Note that for positive semidefinite matrices A and B we have ||4|| < ||4 + B]||.
Therefore

2n2 43
2n2

2
n+1

2n% +3 11
< 2Nl = < RO

Aj =
145 = =

HAk 2 by

Since the n x n all-one matrix has norm #n, the matrix Az, — Al’: E each of whose
entries has absolute value at most 277, has norm at most n2~?. We conclude

11 _
A1l < A+ Agsr — Afyy ]l < §R22"+n2 P o< R%FI

(here we used the very rough estimate 277 < %).

It is well-known from linear algebra that for any symmetric positive definite
n x n-matrix A there exists a symmetric positive definite matrix B with A = BB.
Writing Ay = BB with B = BT we obtain

[EAl ay AZay (Bay)T Ay (Bay) -
|1bill = = | = g aan = VI = R
Vag Agag a Axag (Bag) " (Bay)

Using this (and again the induction hypothesis) we get

1
X < |lxx|| + —— b || + ||x —x
xk+1ll < [lxkl] n+1|| kel 4 Xk+1 — x5 41

1
< |lxol| + R2¥ + ——R2*¥71 4 /n277 < ||xo|| + R2¥F.

n+1
Using (4.2) and ||axay || = a; ax we compute
_ 2n? _ 2 ajlag
JLehy IHSW(HAICIHJFH_IW) (4.3)
B 2n? 1 2 aj BA;'Bay
T2 +3 (HA" I+ a; BBay
2n? _ 2 n+ly
< g (MR 1+ 25 1420 < 22 1
<3R4k,

Let A be the smallest eigenvalue of Ay, and let v be a corresponding eigen-
vector with [[v|| = 1. Then — writing A} +1 = CC for a symmetric matrix C — we
have
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A= UTAk+1U = UTAZ+1U + UT(Ak+1 - AZ+1)U

vTCCv
= + v (Ak41 — Af )V

v C (Alt+1)_1 Cv

%

_ 1
H(AZ-H)_IH 1_||Ak+1_14]>:_|_1|| > §R24_k_n2_p = R24_(k+1)’

where we used 277 < ﬁ4_k .Since A > 0, Ay is positive definite. Furthermore,

1

H(Ak-l—l)_lH — X < R_24k+1.

O

Next we show that in each iteration the ellipsoid contains the intersection of Ey
and the previous half-ellipsoid:

Lemma4.14. Fork =0,...,N — 1 we have Ex4+1 2 {x € Ex N Ep : agx >
A X §-

Proof: Letx € Ex N Egy with agx > ayxi. We first compute (using (4.2))

(x — x;+1)T(AIt+1)_l(x - xl:+1)

2n? 1 T 2 aga; 1
=" (x—xx——b A k) [x—xp— —b
2n%+43 (x T k) ( e n—1 a;Akak) (x T k)

2n? - aga,
- _ AN (x — )Tk e
52 +3<(x Xie) A (=) + - — (= x) aT Avar (x — Xk)
1 2 blapa] by
— (pTalh _Z Tk KTk
+(n+1)2(k k k+n—1 a; Arag
2(x — xz)T 2 aralb
A e P /L 13
n-+1 n—1laj] Aray
2n? - aga,
- _ AN (x — )Tk
32 +3<(x Xie) A (=) + - — (= x) aT Avar (x —xx) +

1 2 2 - T 2
— (1 + )— (%) _a (1 + ))
n+1) n—1 n+1 /a;Akak n—1

Since x € Ej, we have (x — xk)TAlzl(x — X;) < 1. By abbreviating t :=

-
a X—X, .
M we obtain
a Akak

2n? 2 1 2
—1 2
(x=xg ) (A ) He—xpy ) < 2 13 (1 + <+ )

Since b] A 'br = 1 and b A; ' (x — xi) = ¢, we have
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1> (x —xp) A (x — xp)
= (x — xg —the) A (x — xp —thg) + 12
> 12,

because A,:l is positive definite. So (using axx > axxy) we have 0 <t < 1 and

obtain
* T A* -1 * < —2n4
(X_xk_H) ( k+1) (x_xk+1) — ot 42 -3

It remains to estimate the rounding error

Z = |(x = xp4) (A ™ = xpg1) — (0 = x5, ) (A )T — x|
< | = ) T (A1) T Oy = X)) |

+ gy = 2D T (Arp) T o = x84

+ |()C - x1t+1)T ((Ak+1)_1 - (Alt+1)_1) (x — x;+1)i

[1x — Xk+1] ||(Ak+1)_1|| ||x;+1 — Xk+1|

151 = Xkl A D)™ = x84 ]

1 = X 1P A ) ™ ITAG DT AR 1 — Arga -

IA

Using Lemma 4.13 and x € Eg we get ||x — Xg4+1]] < ||x — xo|| + ||Xk+1 — Xol| <
R+ R2V and ||x — xf || < |lx = xpq1 ] + /0277 < R2V T We also use (4.3)
and obtain

Z < 2(R2VTNY(R724N)(Vn27P) + (R24AN T (R724M)BR™24N "1 (n27P)
= 4R7123N /2P 4 3RT220N 2P
< 20N yo—p
1
=< o A
— 9n2

by definition of p. Altogether we have

2n* 1
T -1
(x =xp41) (Ag1)” (6 = Xg41) = A raz—3 T o2 =

The volumes of the ellipsoids decrease by a constant factor in each iteration:

volume (Ex 41)

Lemma 4.15. Fork =0,...,N — 1 we have < e‘ﬁ.
volume (E)

Proof: (Grotschel, Lovasz and Schrijver [1988]) We write

volume (Exy1) \/detAkH B \/detA,tH det Ag 11

volume (Ey) det Ay det Ay det Ay 1
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and estimate the two factors independently. First observe that

det A% _ 2n% +3 ndet ;2 aray Ag
det Ay 2n2 n+1 a;Akak '

-
. A . . .
The matrix % has rank one and 1 as its only nonzero eigenvalue (eigenvector

Kk kAk
ay ). Since the determinant is the product of the eigenvalues, we conclude that

detAp,, _ (2n°+3 " L2
det Ay 2n2 n+1

where we used 1 + x < e* for all x and (ﬁ)n <e2forn > 2.

For the second estimation we use (4.3) and the well-known fact that det B <
[|B||" for any matrix B:

3 2 —L
< e2n e n = e 2n,

det Ak+1

*
detAk+1

= det (I + (A7, )7 (A1 — Af4))
< |1+ i) A — Af )|
< (114 1A D)™ Ak — A1)
< (1+ (R4 @2n))|
N
1+ T)

1
< e 10n

IA

2
P < 4 < R
(weused 277 < 15w < 15-5557T)-

We conclude that

volume (E4 1) detAp,; [detAyyy P B -4
- - T = e 4an e2On —= ¢ on,
volume (Ey) det Ay detAp , — O

4.5 Khachiyan’s Theorem

In this section we shall prove Khachiyan’s theorem: the ELLIPSOID METHOD can be
applied to LINEAR PROGRAMMING in order to obtain a polynomial-time algorithm.
Let us first prove that it suffices to have an algorithm for checking feasibility of
linear inequality systems:

Proposition 4.16. Suppose there is a polynomial-time algorithm for the following
problem: “Given a matrix A € Q™" and a vector b € Q™, decide if {x : Ax < b}
is empty.” Then there is a polynomial-time algorithm for LINEAR PROGRAMMING
which finds an optimum basic solution if there exists one.
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Proof: Let an LP max{cx : Ax < b} be given. We first check if the primal and
dual LPs are both feasible. If at least one of them is infeasible, we are done by
Theorem 3.27. Otherwise, by Corollary 3.21, it is sufficient to find an element of
{(x,y): Ax <b, yA=c, y >0, cx = yb}.

We show (by induction on k) that a solution of a feasible system of k inequalities
and [ equalities can be found by k calls to the subroutine checking emptiness of
polyhedra plus additional polynomial-time work. For k& = 0 a solution can be found
easily by GAUSSIAN ELIMINATION (Corollary 4.11).

Now let k > 0. Let ax < B be an inequality of the system. By a call to the
subroutine we check whether the system becomes infeasible by replacing ax < f
by ax = . If so, the inequality is redundant and can be removed (cf. Proposition
3.8). If not, we replace it by the equality. In both cases we reduced the number of
inequalities by one, so we are done by induction.

If there exists an optimum basic solution, the above procedure generates one,
because the final equality system contains a maximal feasible subsystem of Ax = b.

O

Before we can apply the ELLIPSOID METHOD, we have to take care that the
polyhedron is bounded and full-dimensional:

Proposition 4.17. (Khachiyan [1979], Gics and Lovasz [1981]) Let A € Q™"
and b € Q™. The system Ax < b has a solution if and only if the system

Ax <b+e€l, —RI<x <RI

has a solution, where 1 is the all-one vector, i = 2p24Gize(A)+size(®) Gpng R =
1+ 24(size(A)+size(b)).

If Ax < b has a solution, then volume ({x € R" : Ax <b +¢€l,—RI1 <x <
n
R > ()

Proof: The box constraints —R1 < x < R1 do not change the solvability by The-
orem 4.4. Now suppose that Ax < b has no solution. By Theorem 3.24 (a version of
Farkas’ Lemma), there is a vector y > 0 with y4 = 0 and yb = —1. By applying
Theorem 4.4 to min{lly : y > 0, ATy = 0, 5"y = —1} we conclude that y can
be chosen such that its components are of absolute value less than 24ize(4)+size(0))
Therefore y(b + €l) < —1 + (n + 1)246ize(A+size®)) e < (. Again by Theorem
3.24, this proves that Ax < b + €1 has no solution.

For the second statement, if x € R” with Ax < b has components of absolute
value at most R — 1 (cf. Theorem 4.4), then {x e R" : Ax <b +¢€l,-RI1 <x <
R1} contains all points z with ||7 — X|]ec < O

€
n2size(A) *

Note that the construction of this proposition increases the size of the system of
inequalities by at most a factor of O(m + n).

Theorem 4.18. (Khachiyan [1979]) There exists a polynomial-time algorithm for
LINEAR PROGRAMMING (with rational input), and this algorithm finds an optimum
basic solution if there exists one.
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Proof: By Proposition 4.16 it suffices to check feasibility of a system Ax < b. We
transform the system as in Proposition 4.17 in order to obtain a polytope P which

n
is either empty or has volume at least (ﬁ) .

We run the ELLIPSOID METHOD with xo = 0, R = n (1 + 24(ize()+size(®))
N = [10n2(2logn + 5(size(A) + size(h)))]. Each time in @) we check whether
xi € P.If yes, we are done. Otherwise we take a violated inequality ax < f of the
system Ax < b and set ay := —a.

We claim that if the algorithm does not find an x; € P before iteration N, then
P must be empty. To see this, we first observe that P C E for all k: for k = 0 this
is clear by the construction of P and R; the induction step is Lemma 4.14. So we
have P C Ey.

By Lemma 4.15, we have, abbreviating s := size(A) + size(b),

volume (E) < volume (Eo)e_% < (2R)”e_%
< (2}1 (1 + 24s))n n—4ne—10ns < n—2n2—5ns'

On the other hand, P # @ implies

2¢ \" 1\
volume (P) > (—) = (_) — p2npSns,

n2s n 2 25 K}
which is a contradiction. Oa

If we estimate the running time for solving an LP max{cx : Ax < b} with
the above method, we get the bound O((n + m)°(size(A) + size(b) + size(c))?)
(Exercise 9), which is polynomial but completely useless for practical purposes. In
practice, either the SIMPLEX ALGORITHM or interior point algorithms are used.
Karmarkar [1984] was the first to describe a polynomial-time interior point algo-
rithm for LINEAR PROGRAMMING. We shall not go into the details here.

A strongly polynomial-time algorithm for LINEAR PROGRAMMING is not
known. However, Tardos [1986] showed that there is an algorithm for solving
max{cx : Ax < b} with a running time that polynomially depends on size(A) only.
For many combinatorial optimization problems, where A is a 0-1-matrix, this gives
a strongly polynomial-time algorithm. Tardos’ result was extended by Frank and
Tardos [1987].

4.6 Separation and Optimization

The above method (in particular Proposition 4.16) requires that the polyhedron be
given explicitly by a list of inequalities. However, a closer look shows that this is
not really necessary. It is sufficient to have a subroutine which — given a vector x —
decides if x € P or otherwise returns a separating hyperplane, i.e. a vector a such
that ax > max{ay : y € P}. We shall prove this for full-dimensional polytopes;
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for the general (more complicated) case we refer to Grotschel, Lovdsz and Schri-
jver [1988] (or Padberg [1995]). The results in this section are due to Grotschel,
Lovasz and Schrijver [1981] and independently to Karp and Papadimitriou [1982]
and Padberg and Rao [1981].

With the results of this section one can solve certain linear programs in poly-
nomial time although the polytope has an exponential number of facets. Many
examples will be discussed later in this book; see e.g. Corollary 12.22 or Theo-
rem 20.34. By considering the dual LP one can also deal with linear programs with
a huge number of variables.

Let P C R be a full-dimensional polytope, or more generally, a full-
dimensional bounded convex set. We assume that we know the dimension » and
two balls B(xg,r) and B(xo, R) such that B(xg,7) € P C B(xg, R). But we do
not assume that we know a linear inequality system defining P. In fact, this would
not make sense if we want to solve linear programs with an exponential number
of constraints in polynomial time, or even optimize linear objective functions over
nonlinearly constrained convex sets.

Below we shall prove that, under some reasonable assumptions, we can opti-
mize a linear function over a polyhedron P in polynomial time (independent of the
number of constraints) if we have a so-called separation oracle: a subroutine for
the following problem:

SEPARATION PROBLEM
Instance: A convex set P C R". A vector y € Q".

Task: Either decide that y € P
or find a vector d € Q" such that dx < dy forall x € P.

Note that such a vector d exists if P is a rational polyhedron or a compact
convex set (cf. Exercise 21 of Chapter 3). Given a convex set P by such a separation
oracle, we look for an oracle algorithm using this as a black box. In an oracle
algorithm we may ask the oracle at any time and we get a correct answer in one
step. We can regard this concept as a subroutine whose running time we do not take
into account. (In Chapter 15 we shall give a formal definition.)

Indeed, it often suffices to have an oracle which solves the SEPARATION PROB-
LEM approximately. More precisely we assume an oracle for the following problem:

WEAK SEPARATION PROBLEM

Instance: A convexset P C R”, avector c € Q" and a number € > 0. A vector
y € Q™.

Task: Either find a vector y’ € P withcy <cy' + ¢
or find a vector d € Q" such that dx < dy forall x € P.

Using a weak separation oracle we first solve linear programs approximately:
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WEAK OPTIMIZATION PROBLEM

Instance: A numbern € N. A vector ¢ € Q". A number € > 0.
A convex set P C R” given by an oracle for the WEAK SEPARATION
PROBLEM for P, ¢ and 5.

Task: Find a vector y € P withcy > sup{cx : x € P} —e€.

Note that the above two definitions differ from the ones given e.g. in Grétschel,
Lovasz and Schrijver [1981]. However, they are basically equivalent, and we shall
need the above form again in Section 18.3.

The following variant of the ELLIPSOID METHOD solves the WEAK OPTIMIZA-
TION PROBLEM for bounded full-dimensional convex sets:

GROTSCHEL-LOVASZ-SCHRIJVER ALGORITHM

Input: A numbern € N,n > 2. A vectorc € Q. Anumber 0 < ¢ < 1.
A convex set P € R” given by an oracle for the WEAK SEPARATION
PROBLEM for P, ¢ and 5.
xo € Q" and r, R € Q4 such that B(xg,7) € P C B(xg, R).

Output: A vector y* € P with cy* > sup{cx :x € P} —e.
@®  Set R := max{R,2}, r := min{r, 1} and y := max{||c|], 1}.
Set N = 5n2 [In #22 | set y* = xo.

@  Run the ELLIPSOID METHOD, with a; in 2) being computed as follows:
Run the oracle for the WEAK SEPARATION PROBLEM with y = x.
Ifit returns a y’ € P with cy < ¢y’ + § then:
If ¢y’ > cy* then set y* := y'.

Setay :=c.
Ifit returns a d € Q" with dx < dy forall x € P then:
Setay := —d.

Theorem 4.19. The GROTSCHEL-LOVASZ-SCHRIJVER ALGORITHM correctly
solves the WEAK OPTIMIZATION PROBLEM for bounded full-dimensional convex
sets. Its running time is bounded by

O (n%a® + n*af (size(c), size(e), nsize(xo) + n’a)),

_ R2y . . . .
where o = log = and f (size(c), size(€), size(y)) is an upper bound of the run-
ning time of the oracle for the WEAK SEPARATION PROBLEM for P with input

C,€,).

Proof: (Grotschel, Lovasz and Schrijver [1981]) The running time in each of the
N = O(n?a) iterations of the ELLIPSOID METHOD is O(n?(n’a + size(R) +
size(xg) + ¢q)) plus one oracle call, where g is the size of the output of the oracle.
As size(y) < n(size(xo) + size(R) + N) by Lemma 4.13, the overall running time
is O(n*a(n?a + size(xo) + f(size(c), size(€), nsize(xo) + n3a))), as stated.
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By Lemma 4.14, we have
« €
{xeP:cxzcy +§}§EN.

Let z € P with cz > sup{cx : x € P} — £. We may assume that cz > cy* + 5;
otherwise we are done.

(x:iex =cy + &) {x:cx = cxo}

Fig. 4.2.

Consider the convex hull U of z and the (n — 1)-dimensional ball B(xg, r) N{x :
cx = cxo} (see Figure 4.2). We have U C P and hence U’ := {x € U : cx >
cy* + 5} is contained in E. The volume of U’ is

cz—cy*—5\"
volume (U’) = volume (U) (#)
CT —CXo

* END
_ Vn_lr”_l cZ —CXxg (CT—CYy — 5 ’
nlle|| €z —cXo

where V;, denotes the volume of the n-dimensional unit ball. Since volume (U’) <
volume (Ex ), and Lemma 4.15 yields

volume (Ex) < e_%volume(Eo) = e % V. R",

we have

1
Va(cz —cxo)”_IHIICII)”

. € __N_
cz—cy _EEE 5n2 R v P
n—1r""

Since cz —cxo < ||c|| - ||z — Xo|| < ||c||R we obtain

nV, R*1

" __nN_R?
VT < 2||c|le 5n? — <
n—17 r

€ __N_ €
ci—ey =5 = el R :

and hence cy* > cz — 2¢ > sup{cx 1 x € P} —e. O
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Of course we are usually interested in the exact optimum. For this we restrict
ourselves to rational full-dimensional polytopes. We need some assumption on the
size of the vertices of the polytope.

Lemma 4.20. Letn € N, let P C R” be a rational polytope, and let xo € Q"
be a point in the interior of P. Let T € N such that size(xo) < logT and
size(x) < logT for all vertices x of P. Then B(xg,r) € P C B(xg, R), where
ri= %T‘379"2 and R := 2nT.

Moreover, let K := 4T?"T1, Let ¢ € 7", and define ¢’ := K"c + (1, K, ...,
K" Y). Then max{c’x : x € P} is attained by a unique vector x*, for all other
vertices y of P we have ¢'(x* —y) > T~2", and x* is also an optimum solution of
max{cx : x € P}.

Proof: For any vertex x of P we have ||x|| < nT and ||xo|| < nT,so ||x—xo|| <
2nT and x € B(xp, R).

To show that B(xg,r) € P,let F = {x € P : ax = 8} be a facet of P, where
by Lemma 4.5 we may assume that size(a) + size(8) < 75n% log T. Suppose there
isapoint y € F with ||y — xo|| < r. Then

laxo = B = laxo —ay| < |lall-|ly = xol| < n2¥=@r < 77304
But on the other hand the size of axy — B can by estimated by

size(axo — B) < 4(size(a) + size(xp) + size(B))
<300n2logT +4logT < 304n*logT.

Since axg # B (xo is in the interior of P), this implies |axo — B| > T73%4"" a

contradiction.

To prove the last statements, let x* be a vertex of P maximizing ¢’x, and let y
be another vertex of P. By the assumption on the size of the vertices of P we may
write x* —y = éz, where € {1,2,...,T?" —1} and z is an integral vector whose

components have absolute value at most g Then
1 n
0 <c(x*—y) = — (K"cz + Z K’_lzi) .
o “
i=1
Since K" > Y7_, K'~1z;|, we must have cz > 0 and hence cx* > cy. So x*
indeed maximizes cx over P. Moreover, since z # 0, we obtain
s 1 —2n
dx*—y) = = > T,
o
as required. O

Theorem 4.21. Letn € Nand c € Q". Let P C R”" be a rational polytope, and
let xg € Q" be a point in the interior of P. Let T € N such that size(xo) < logT
and size(x) <logT for all vertices x of P.
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Given n, ¢, xo, T and a polynomial-time oracle for the SEPARATION PROB-
LEM for P, a vertex x* of P attaining max{c'x : x € P} can be found in time
polynomial in n, log T and size(c).

Proof: (Grotschel, Lovasz and Schrijver [1981]) We first use the GROTSCHEL-
LOVASZ-SCHRIJVER ALGORITHM to solve the WEAK OPTIMIZATION PROBLEM;
we set ¢/, r and R according to Lemma 4.20 and € := M%. (We first have to
make c¢ integral by multiplying with the product of its denominators; this increases
its size by at most a factor 2n.)

The GROTSCHEL-LOVASZ-SCHRIJVER ALGORITHM returns a vector y € P
with ¢’y > ¢/x* — €, where x* is an optimum solution of max{c’x : x € P}. By
Theorem 4.19 the running time is O (n6a2 + n*af (size(c’), size(€), nsize(xo)+
n3a)) = 0 (n"’oz2 + n*af(size(c’), 6nlog T,nlog T + n3a)), where o =
log R? max{]le’|l.1} maxjs‘|c/‘|’1} < log(16n5T400n%2sie(c)) = O(n2logT + size(c’)) and f
is a polynomial upper bound of the running time of the oracle for the SEPARATION
PROBLEM for P. Since size(c’) < 6n?log T + 2size(c), we have an overall running
time that is polynomial in n, log T and size(c).

We claim that ||x* — y|| < 2# To see this, write y as a convex combination of

T2
the vertices x*, x1, ..., x; of P:
k k
y = AOX*+ZA1'X[’ Ai >0, Zkizl.
i=1 i=0

Now — using Lemma 4.20 —

k k
€= (xF—y) =Y hid (x —x;) > Y LT = (1-2)T 7",
i=1 i=1
so 1 — Ao < €T?". We conclude that

k
ly ="l = Y Ailbe =x*|| = (1=20)2R < 4nT?"*'e <

i=1

1
272

So when rounding each entry of y to the next rational number with denomina-
tor at most 7', we obtain x*. The rounding can be done in polynomial time by
Theorem 4.8. O

We have proved that, under certain assumptions, optimizing over a polytope can
be done whenever there is a separation oracle. We close this chapter by noting that
the converse is also true. We need the concept of polarity: If X € R”, we define the
polar of X to be the set

X°:={yeR':y"x <l1forallx € X}.

When applied to full-dimensional polytopes, this operation has some nice
properties:
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Theorem 4.22. Let P be a polytope in R" with 0 in the interior. Then:

(a) P° is a polytope with O in the interior;
(b) (P°)° = P;
(¢c) x is avertex of P ifand only if x"y < 1 is a facet-defining inequality of P°.

Proof: (a): Let P be the convex hull of xj,...,x; (cf. Theorem 3.31). By defi-
nition, P° = {y € R" : y"x; < 1foralli € {1,...,k}},i.e. P°is a polyhedron
and the facet-defining inequalities of P° are given by vertices of P. Moreover, O is
in the interior of P° because 0 satisfies all of the finitely many inequalities strictly.
Suppose P° is unbounded, i.e. there exists a w € R” \ {0} with cw € P° for all
o > 0. Thenawx < 1foralle > 0Oandall x € P, so wx < 0forall x € P. But
then O cannot be in the interior of P.

(b): Trivially, P C (P°)°. To show the converse, suppose that z € (P°)° \ P.
Then there is an inequality ¢ " x < § satisfied by all x € P but not by z. We have
6 > 0 since 0 is in the interior of P. Then %c € P° but %CTZ > 1, contradicting
the assumption that z € (P°)°.

(c): We have already seen in (a) that the facet-defining inequalities of P° are
given by vertices of P. Conversely, if X1, ..., x; are the vertices of P, then P :=
Conv({%xl ,X2....,Xk}) # P, and 0 is in the interior of P. Now (b) implies P° #
P°. Hence {y e R" : y"x; <2,y"x; < 1(i = 2,....k)} = P° # P° =
{yeR":y"x; <1( =1,...,k)}. We conclude that x; y < 1is a facet-defining
inequality of P°. O

Now we can prove:

Theorem 4.23. Letn € Nandy € Q" Let P € R”" be a rational polytope, and
let xg € Q" be a point in the interior of P. Let T € N such that size(xo) < logT
and size(x) <logT for all vertices x of P.

Givenn, y, xo, T and an oracle which for any given ¢ € Q" returns a vertex x*
of P attaining max{c'x : x € P}, we can solve the SEPARATION PROBLEM for P
and y in time polynomial in n, log T and size(y). Indeed, in the case y ¢ P we can
find a facet-defining inequality of P that is violated by y.

Proof: Consider Q := {x —xo : x € P} and its polar Q°. If xy,..., x; are the
vertices of P, we have

Q0°={zeR":z"(x; —xp) < lforalli € {1,...,k}}.

By Theorem 4.4 we have size(z) < 4n(4nlog T +3n) < 28n?log T for all vertices
zof Q°.

Observe that the SEPARATION PROBLEM for P and y is equivalent to the SEP-
ARATION PROBLEM for Q and y — xg. Since by Theorem 4.22

0 = (0°° = {x:zx <1forallz € 0°},

the SEPARATION PROBLEM for Q and y — xo is equivalent to solving max{(y —
xo)'x : x € Q°}. Since each vertex of Q° corresponds to a facet-defining
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inequality of Q (and thus of P), it remains to show how to find a vertex attain-
ing max{(y —xo) "x : x € Q°}.

To do this, we apply Theorem 4.21 to Q°. By Theorem 4.22, Q° is full-
dimensional with 0 in the interior. We have shown above that the size of the vertices
of Q° is at most 28n2log T'. So it remains to show that we can solve the SEPARA-
TION PROBLEM for Q° in polynomial time. However, this reduces to the optimiza-
tion problem for O which can be solved using the oracle for optimizing over P.

O

We finally mention that a new algorithm which is faster than the ELLIPSOID
METHOD and also implies the equivalence of optimization and separation has been
proposed by Vaidya [1996]. However, this algorithm does not seem to be of practical
use either.

Exercises

1. Let A be a nonsingular rational n x n-matrix. Prove that size(A™')
4n?size(A).

2. Letn > 2,¢c € R"and y1,...,yr € {—1,0,1}" such that 0 < ¢Ty; 41 <
%cTy,- fori = 1,...,k — 1. Prove that then k < 3nlogn.
Hint: Consider the linear program max{y, x : y/x = 1, (y; —=2yi+1)"x =0
(i =1,...,k— 1)} and recall the proof of Theorem 4.4.
(M. Goemans)

3. Consider the numbers /; in the CONTINUED FRACTION EXPANSION. Prove
that #; > F; 4 for all i, where F; is the i-th Fibonacci number (F; = F, = 1
and F,, = F,,—; + F,—, forn > 3). Observe that

Fy = %((uzﬁ)"_(l_zﬁ)n)

Conclude that the number of iterations of the CONTINUED FRACTION EXPAN-
SION is O(logq).
(Grotschel, Lovasz and Schrijver [1988])

4. Show that GAUSSIAN ELIMINATION can be made a strongly polynomial-time
algorithm.
Hint: First assume that A is integral. Recall the proof of Theorem 4.10 and
observe that we can choose d as the common denominator of the entries.

IA

(Edmonds [1967])

5.Let x1,....x¢ € R, d := 1 + dim{xy, ..., xk} Ar.....Ax € Ry with
Zlek,- = 1, and x := Zf;lk,-xi. Show how to compute numbers
Ui, ..., Mg € Ry, atmost d of which are nonzero, such that Zle ui = 1l and

X = Zf;l uix; (cf. Exercise 15 of Chapter 3). Show that all computations can
be performed in O((k + )3) time.
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10.

11.

12.

4 Linear Programming Algorithms

Hint: Run GAUSSIAN ELIMINATION with the matrix A € RUFTDXk whose i -th
columnis (). If d < k,let w € RF be the vector with weor) = Zid+1
(i =1,....d), Weor@@+1) = —1and weei;) :=0( =d +2,...,k); observe

that Aw = 0. Add a multiple of w to A, eliminate at least one vector and iterate.

b C
n—1 A — (1Lp
oa>0andb e R" ' Let A" := (oc-ébbT)andU‘— (0 A ).Provethat

A=UTAU and C — LbbT is positive semidefinite. Iterate and conclude that
for any positive semidefinite matrix A there is a matrix U with A = U U, and
such a matrix can be computed with arbitrary precision in O(n3) steps (some
of which consist of computing approximate square roots).

Note: This is called Cholesky factorization. It cannot be computed exactly as U
can be irrational.

.Let A = (“ bT) € R™" be a symmetric positive semidefinite matrix with

. Let A be a symmetric positive definite n x n-matrix. Let vy, ..., v, be n orthog-

onal eigenvectors of A, with corresponding eigenvalues Aj,...,4,. W.lo.g.
[lvi]| = 1 fori = 1,...,n. Prove that then

E(4,0) = /Ao + -+ pav/Anvn - g € R, Il <1}

(The eigenvectors correspond to the axes of symmetry of the ellipsoid.)
Conclude that volume (E (A4, 0)) = +/det A volume (B(0, 1)).

. Let E(A, x) € R” be an ellipsoid and @ € R", and let E(A’, x")) be as defined

on page 83. Prove that {z € E(A,x) :az > ax} C E(A",x').

. Prove that the algorithm of Theorem 4.18 solves a linear program max{cx :

Ax < b}in O((n + m)°(size(A) + size(h) + size(c))?) time.

Show that the assumption that P is bounded can be omitted in Theorem 4.21.
One can detect if the LP is unbounded and otherwise find an optimum solution.
Let P C R3 be a 3-dimensional polytope with 0 in its interior. Consider again
the graph G(P) whose vertices are the vertices of P and whose edges corre-
spond to the 1-dimensional faces of P (cf. Exercises 18 and 19 of Chapter 3).
Show that G(P°) is the planar dual of G(P).

Note: Steinitz [1922] proved that for every simple 3-connected planar graph G
there is a 3-dimensional polytope P with G = G(P).

Let G be a simple connected undirected graph. Show that the LP

min E Xow

e={v,w}€E(G)

s.t. Z xow = [5ISP+3I8[] (v e V(G). S SV(G)\ {v})
wesxuw < Xuv + Xyw (u,v,w € V(G))
Xyw = 0 (v,w € V(G))

Xpp =0 (v e V(G))
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can be solved in time polynomial in |V(G)|.
Note: This can be regarded as a relaxation of the OPTIMAL LINEAR ARRANGE-
MENT PROBLEM; cf. Exercise 8 of Chapter 19.

13. Prove that the polar of a polyhedron is always a polyhedron. For which polyhe-
dra P is (P°)° = P?
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S Integer Programming

In this chapter, we consider linear programs with integrality constraints:

INTEGER PROGRAMMING
Instance: A matrix A € Z"™*" and vectors b € Z™,c € Z".

Task: Find a vector x € Z" such that Ax < b and cx is maximum,
decide that {x € Z" : Ax < b} = 0,
or decide that sup{cx : x € Z", Ax < b} = oc.

We do not consider mixed integer programs, i.e. linear programs with integrality
constraints for only a subset of the variables. Most of the theory of linear and integer
programming can be extended to mixed integer programming in a natural way.

Fig. 5.1.

Virtually all combinatorial optimization problems can be formulated as integer
programs. The set of feasible solutions can be written as {x : Ax < b, x € Z"}
for some matrix A and some vector b. The set P := {x € R” : Ax < b}isa
polyhedron, so let us define by P; = {x : Ax < b} the convex hull of the integral
vectors in P. We call Py the integer hull of P. Obviously P; C P.

B. Korte and J. Vygen Combinatorial Optimization, 101
Algorithms and Combinatorics 21, DOI 10.1007/978-3-642-24488-9_5,
© Springer-Verlag Berlin Heidelberg 2012
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If P is bounded, then Py is also a polytope by Theorem 3.31 (see Figure 5.1).
Meyer [1974] proved:

Theorem 5.1. For any rational polyhedron P, its integer hull Py is a rational
polyhedron.

Proof: Let P = {x : Ax < b}. By Lemma 3.12 the rational polyhedral cone
C:={(x,6) :x e R" £ >0,Ax — &b < 0} is generated by a finite set of ratio-
nal vectors. We may assume that (x1,1),..., (xg, 1), (¥1,0), ..., (y;,0) generate
C, where xy,...,Xxy are rational and yy,...,y; are integral (by multiplying the
elements of a finite set of generators by suitable positive scalars).

Consider the polytope

k I k
0 = z:kQXj+-§:A4inK[2()U =1,...,k), E:Ki::L

i=1 i=1 i=1

0O<i<l@(=1...1}%.

Note that Q < P. Let z1,...,2, be the integral points in Q. By Theorem 3.29
the cone C’ generated by (y1,0),...,(1,0),(z1,1),...,(Zm, 1) is polyhedral, i.e.
can be written as {(x,§) : Mx + &d < 0} for a rational matrix M and a rational
vector d.

We claim that P; = {x : Mx < —d}.

To show “C”, let x € P N Z". We have (x,1) € C,ie x = Zle Kixi +
Zle A;y; for some k1, ...,k > 0 with Zle ki = land A{,...,A; > 0. Then
c = Zle |Ai]yi is integral, and hence x — ¢ is integral. Moreover, x — ¢ =
Zf;l Kixi + ZLI(M —|AiD)yi € Q, and hence x — ¢ = z; for some i. Thus
(x,1) =(c,0) + (x —c,1) € C' and hence Mx + d < 0.

To show “27, let x be a vector satisfying M x < —d,i.e. (x,1) € C'. Then x =
Zf=1 Aiyvi + Z;’;l wizi forsome Ay, ..., A5, (1, .., i > 0 with sz=1 Wi =
1. Wlo.g. assume / > 1 and p; > 0. Let /\;. = % fori = 1,...,l. Then
(z1 +vyi,1) e C foralli =1,...,/ and v > 0 and hence

x=3 aL (AL +1=27) (21 + [Af]wi)

i=1 !
I u m
1
£ OB 1) (e (A + D) + Y i
i=1 i=2
is a convex combination of integral points in P. O

This does in general not hold for irrational polyhedra; see Exercise 1. Due to
Theorem 5.1 we can write an instance of INTEGER PROGRAMMING as max{c ' x :
x € Pr}where P = {x : Ax < b}.
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We prove a generalization of Meyer’s Theorem 5.1 in Section 5.1 (Theorem 5.8).
After some preparation in Section 5.2 we study conditions under which polyhedra
are integral (i.e. P = Pr) in Sections 5.3 and 5.4. Note that in this case the integer
linear program is equivalent to its LP relaxation (arising by omitting the integrality
constraints), and can hence be solved in polynomial time. We shall encounter this
situation for several combinatorial optimization problems in later chapters.

In general, however, INTEGER PROGRAMMING is much harder than LINEAR
PROGRAMMING, and polynomial-time algorithms are not known. This is indeed
not surprising since we can formulate many apparently hard problems as integer
programs. Nevertheless we discuss a general method for finding the integer hull by
successively cutting off parts of P \ Py in Section 5.5. Although it does not yield
a polynomial-time algorithm it is a useful technique in some cases. Finally Section
5.6 contains an efficient way of approximating the optimal value of an integer linear
program.

5.1 The Integer Hull of a Polyhedron

As linear programs, integer programs can be infeasible or unbounded. It is not easy
to decide whether P; = @ for a polyhedron P. But if an integer program is feasible
we can decide whether it is bounded by simply considering the LP relaxation.

Proposition 5.2. Let P = {x : Ax < b} be some rational polyhedron whose
integer hull is nonempty, and let ¢ be some vector (not necessarily rational). Then
max {¢x : x € P} is bounded if and only if max {c¢x : x € Pr} is bounded.

Proof: Suppose max {cx : x € P} is unbounded. Then Corollary 3.28 says that
the system yA = ¢, y > 0 has no solution. By Corollary 3.26 there is a vector z
with ¢z < 0 and Az > 0. Then the LP min{cz : Az > 0, —1 < z < 1} is feasible.
Let z* be an optimum basic solution of this LP. z* is rational as it is a vertex of
a rational polytope. Multiply z* by a suitable natural number to obtain an integral
vector w with Aw > 0 and cw < 0. Let v € Pr be some integral vector. Then
v —kw € Py forall k € N, and thus max {cx : x € Py} is unbounded.

The other direction is trivial. O

Definition 5.3. Let A be an integral matrix. A subdeterminant of A is det B for
some square submatrix B of A (defined by arbitrary row and column indices). We
write E(A) for the maximum absolute value of the subdeterminants of A.

Lemma 54. Let C = {x : Ax < 0} be a polyhedral cone, where A is an inte-
gral matrix. Then C is generated by a finite set of integral vectors, each having
components with absolute value at most & (A).

Proof: By Lemma 3.12, C is generated by some of the vectors yp,..., y;, such
that for each i, y; is the solution to a system My = b’ where M consists of n
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linearly independent rows of (‘}1) and b’ = =+e; for some unit vector e;. Set z; :=
| det M | y;. By Cramer’s rule, z; is integral with ||z;||coc < E(A). Since this holds
for each i, the set {z1, ..., z;} has the required properties. O

A similar lemma will be used in the next section:

Lemma 5.5. Each rational polyhedral cone C is generated by a finite set of inte-
gral vectors {ay, . ..,a;} such that each integral vector in C is a nonnegative inte-
gral combination of ay, . .., a;. (Such a set is called a Hilbert basis for C.)

Proof: Let C be generated by the integral vectors by, ...,bg. Letay,...,a; be
all integral vectors in the polytope

b1+ ..+ b 0<Ai<1 (G =1,....k)}

We show that {ay,...,a,} is a Hilbert basis for C. They indeed generate C, because
bi,...,bg occur among the ay, ..., a;.
For any integral vector x € C there are i1, ..., ux > 0 with

x = u1by + ...+ purbr = \palbr + ..o+ Lk lbr +
(1 = [ Dbr + .o+ (ke — L )bk,

SO x is a nonnegative integral combination of ay, ..., a;. |

An important basic fact in integer programming is that optimum integral and
fractional solutions are not too far away from each other:

Theorem 5.6. (Cooketal.[1986]) Let A be an integral m xn-matrix andb € R™,
¢ € R" arbitrary vectors. Let P := {x : Ax < b} and suppose that P; # 0.

(a) Suppose y is an optimum solution of max {cx : x € P}. Then there exists an
optimum integral solution 7 of max {cx : x € Pr} with ||z — ¥|leo < n E(A).

(b) Suppose y is a feasible integral solution of max {cx : x € P}, but not an
optimal one. Then there exists a feasible integral solution z € Py with cz > ¢y
and ||z — Y]leo < n E(A).

Proof: The proof is almost the same for both parts. Let first y € P arbitrary.
Let z* € P N Z" be (a) an optimum solution of max {cx : x € Pr} (note that
Pr = {x: Ax < |b]}s is a polyhedron by Theorem 5.1, and thus the maximum is
attained) or (b) a vector with cz* > cy.

We split Ax < b into two subsystems A1x < by, Apx < b, such that A;z* >
A1y and Az* < Apy. Then z* — y belongs to the polyhedral cone C := {x :
Aix >0,A4x < O}

C is generated by some vectors x; (i = 1,...,s). By Lemma 5.4, we may
assume that x; is integral and ||x;||e0 < E(A) for all ;.
Since z* — y € C, there are nonnegative numbers Aq,...,As with z* —y =

Zle Aix;. We may assume that at most n of the A; are nonzero.
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Foru = (p1,..., us) withO < pu; < A; (i = 1,...,5) we define
S S
Zpi=2 =Y pixi =y 4y (A — pi)xi

i=1 i=1

and observe that 7, € P: the first representation of z,, implies A1z, < A12* < by;
the second one implies Az, < Ay < bs.

Case 1: Thereissomei € {1,...,s} withA; > landcx; > 0.Letz := y + x;.
We have cz > cy, showing that this case cannot occur in case (a). In case (b),
when y is integral, z is an integral solution of Ax < b such that cz > cy and
[z = ¥lloo = [|xilloo = E(A).

Case2: Foralli € {l,...,s},A; > 1implies cx; < 0. Let

Z =2z = Z*—ZL/\ini-

i=1

z is an integral vector of P with ¢z > ¢z* and

lz=lleo < Y i = L)) [Ixilloo < n E(A).

i=1
Hence in both (a) and (b) this vector z does the job. O

As a corollary we can bound the size of optimum solutions of integer program-
ming problems:

Corollary 5.7. If P = {x € Q" : Ax < b} is a rational polyhedron and max{cx :
x € Pr} has an optimum solution, then it also has an optimum integral solution x
with size(x) < 13n(size(A) + size(d)).

Proof: By Proposition 5.2 and Theorem 4.4, max{cx : x € P} has an optimum
solution y with size(y) < 4n(size(A) + size(b)). By Theorem 5.6(a) there is an
optimum solution x of max{cx : x € Py} with ||x — y||cc < n E(A). By Proposi-
tions 4.1 and 4.3 we have

size(x) < 2size(y) + 2nsize(n E(A))

< 8n(size(A) + size(b)) + 2nlogn + 4nsize(A)
< 13n(size(A) + size(h)).

A

O

Theorem 5.6(b) implies the following: given any feasible solution of an integer
program, optimality of a vector x can be checked simply by testing x 4+ y for a
finite set of vectors y that depend on the matrix A only. Such a finite test set (whose
existence has been proved first by Graver [1975]) enables us to prove a fundamental
theorem on integer programming:
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Theorem 5.8. (Wolsey [1981], Cook et al. [1986]) For each integral m xn-matrix
A there exists an integral matrix M whose entries have absolute value at most
n?" 8 (A)", such that for each vector b € Q™ there exists a rational vector d with

{x:Ax <b}; = {x : Mx <d}.
Proof: We may assume A # 0. Let C be the cone generated by the rows of 4. Let
L = {z€Z":||z||leo <nE(A)}.
For each K C L, consider the cone
Ck = Cn{y:zy <0 forall z € K}.

By the proof of Theorem 3.29 and Lemma 5.4, Cx = {y : Uy < 0} for some
integral matrix U (whose rows are generators of {x : Ax < 0} and elements of
K) whose entries have absolute value at most n & (A4). Hence, again by Lemma 5.4,
there is a finite set G(K) of integral vectors generating Ck, each having components
with absolute value at most E(U) < n!(nE(A))" < n?"Z(A)".

Let M be the matrix with rows | Jg; G(K). Since Cg = C, we may assume
that the rows of A are also rows of M.

Now let b be some fixed vector. If Ax < b has no solution, we can complete b
to a vector d arbitrarily and have {x : Mx <d} C {x: Ax < b} = 0.

If Ax < b contains a solution, but no integral solution, we set b’ := b — A'l,
where A’ arises from A by taking the absolute value of each entry. Then Ax < b’
has no solution, since any such solution yields an integral solution of Ax < b by
rounding. Again, we complete b’ to d arbitrarily.

Now we may assume that Ax < b has an integral solution. For y € C we define

8y = max{yx: Ax < b, x integral}
(by Corollary 3.28 this maximum is bounded for y € C). It suffices to show that
{x 1 Ax <b};y = {x:yx <4, foreach y € U G(K) ;. 5.1
KCL
Here “C” is trivial. To show the converse, let ¢ be any vector for which
max {cx : Ax < b, x integral}

is bounded, and let x* be a vector attaining this maximum. We show that cx < ¢x™
for all x satisfying the inequalities on the right-hand side of (5.1).

By Proposition 5.2 the LP max {cx : Ax < b} is bounded, so by Corollary 3.28
we have ¢ € C.

Let K := {z € L : A(x* + z) < b}. By definition cz < 0 forall z € K, so
¢ € Cg. Thus there are nonnegative numbers A, (y € G(K)) such that
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c = Z Ayy.

y€G(K)
Next we claim that x* is an optimum solution for
max {yx : Ax < b, x integral}

for each y € G(K): the contrary assumption would, by Theorem 5.6(b), yield a
vector z € K with yz > 0, which is impossible since y € Cg. We conclude that

Z Ay = Z Ayyx* = Z Ayy | x* = ex™.

yeG(K) yeG(K) yeG(K)

Thus the inequality cx < cx* is a nonnegative linear combination of the inequalities
yx <8, for y € G(K). Hence (5.1) is proved. O

See Lasserre [2004] for a similar result.

5.2 Unimodular Transformations

In this section we shall prove two lemmas for later use. A square matrix is called
unimodular if it is integral and has determinant 1 or —1. Three types of uni-
modular matrices will be of particular interest: Forn € N, p € {l,...,n} and
g € {l,...,n} \ {p} consider the matrices (a;;); je(1,...,n} defined in one of the
following ways:

1 ifi=j#p 1 ifi=j¢{p.q}
aj =1-1 ifi=j=p aij =41 if{i,j}=1{p.q}
0 otherwise 0 otherwise

1 ifi =j
ajj =4-1 if(i,j) = (p.q)
0 otherwise

These matrices are evidently unimodular. If U is one of the above matrices, then
replacing an arbitrary matrix A (with n columns) by AU is equivalent to applying
one of the following elementary column operations to A:

e multiply a column by —1;
e exchange two columns;
e subtract one column from another column.

A series of the above operations is called a unimodular transformation.
Obviously the product of unimodular matrices is unimodular. It can be shown that a
matrix is unimodular if and only if it arises from an identity matrix by a unimodular
transformation (equivalently, it is the product of matrices of the above three types);
see Exercise 6. Here we do not need this fact.



108 5 Integer Programming

Proposition 5.9. The inverse of a unimodular matrix is also unimodular. For each
unimodular matrix U the mappings x — Ux and x + xU are bijections on Z".

Proof: Let U be a unimodular matrix. By Cramer’s rule the inverse of a unimod-
ular matrix is integral. Since (detU)(detU ') = det(UU ') =det] = 1, U !is
also unimodular. The second statement follows directly from this. O

Lemma 5.10. For each rational matrix A whose rows are linearly independent
there exists a unimodular matrix U such that AU has the form (B 0), where B is a
nonsingular square matrix.

Proof: Suppose we have found a unimodular matrix U such that
B O
AU = ( 5 D)
for some nonsingular square matrix B. (Initially U = I, D = A, and the parts B,
C and 0 have no entries.)

Let (41, ...,0k) be the first row of D. Apply unimodular transformations such
that all §; are nonnegative and Z§=1 ; is minimum. W.l.o.g. §; > 8, > -+ > §p.
Then §; > 0 since the rows of A (and hence those of AU ) are linearly independent.
If 6, > 0, then subtracting the second column of D from the first one would decrease

Z§=1 8i. S0 8 = 63 = ... = 8 = 0. We can expand B by one row and one
column and continue. O

The matrix B that we get is in fact a lower diagonal matrix. With a little more
effort one can obtain the so-called Hermite normal form of A. The following lemma
gives a criterion for integral solvability of equation systems, similar to Farkas’
Lemma.

Lemma 5.11. Ler A be a rational matrix and b a rational column vector. Then
Ax = b has an integral solution if and only if yb is an integer for each rational
vector y for which yA is integral.

Proof: Necessity is obvious: if x and yA are integral vectors and Ax = b, then
yb = yAx is an integer.

To prove sufficiency, suppose yb is an integer whenever yA is integral. We may
assume that Ax = b contains no redundant equalities, i.e. yA = 0 implies yb # 0
forall y # 0. Let m be the number of rows of A. If rank(A) < m then {y : yA = 0}
contains a nonzero vector y” and y” := 2y#,by/ satisfies y”A = 0and y"b = % ¢ 7.
So the rows of A are linearly independent.

By Lemma 5.10 there exists a unimodular matrix U with AU = (B 0), where
B is a nonsingular m x m-matrix. Since B~' AU = (I 0) is an integral matrix, we
have for each row y of B~! that yAU is integral and thus by Proposition 5.9 yA is
integral. Hence yb is an integer for each row y of B!, implying that B~!b is an
integral vector. So U (BBIb) is an integral solution of Ax = b. O
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5.3 Total Dual Integrality

In this and the next section we focus on integral polyhedra:
Definition 5.12. A polyhedron P is integral if P = Pj.

Theorem 5.13. (Hoffman [1974], Edmonds and Giles [1977]) Let P be a rational
polyhedron. Then the following statements are equivalent:

(a) P is integral.

(b) Each face of P contains integral vectors.

(c) Each minimal face of P contains integral vectors.

(d) Each supporting hyperplane of P contains integral vectors.

(e) Each rational supporting hyperplane of P contains integral vectors.

(f) max{cx : x € P} is attained by an integral vector for each ¢ for which the
maximum is finite.

(g) max {cx : x € P} is an integer for each integral ¢ for which the maximum is
finite.

Proof: We first prove (a)=(b)=(f)=-(a), then (b)=(d)=(e)=(c)=(b), and
finally (f)=(g)=(e).

(a)=(b): Let F be aface,say F = PN H, where H is a supporting hyperplane,
andlet x € F.If P = Py, then x is a convex combination of integral points in P,
and these must belong to H and thus to F.

(b)=(f) follows directly from Proposition 3.4, because {y € P : cy =
max {¢x : x € P}}isaface of P for each ¢ for which the maximum is finite.

(f)=(a): Suppose there is a vector y € P\ Pr. Then (since P; is a polyhedron
by Theorem 5.1) there is an inequality ax < f valid for Py for whichay > . Then
clearly (f) is violated, since max {ax : x € P} (which is finite by Proposition 5.2)
is not attained by any integral vector.

(b)=(d) is also trivial since the intersection of a supporting hyperplane with P
is a face of P. (d)=(e) and (c)=>(b) are trivial.

(e)=(c): Let P = {x : Ax < b}. We may assume that A and b are integral.
Let F = {x : A’x = b’} be a minimal face of P, where A’x < b’ is a subsystem
of Ax < b (we use Proposition 3.9). If A’x = b’ has no integral solution, then —
by Lemma 5.11 — there exists a rational vector y such that ¢ := yA’ is integral but
8 := yb’ is not an integer. Adding integers to components of y does not destroy this
property (A’ and b’ are integral), so we may assume that all components of y are
positive. Observe that H := {x : ¢x = §} is a rational hyperplane which contains
no integral vectors.

We finally show that H is a supporting hyperplane by provingthat HN P = F.
Since F' € H is trivial, it remains to show that H N P C F.Butforx € H N P
we have yA’'x = cx =8 = yb’,s0 y(A'x —b’) = 0.Since y > 0and A’x < b/,
this implies A’x = b’,s0x € F.

(H)=(g) is trivial, so we finally show (g)=(e). Let H = {x : cx = §} be
a rational supporting hyperplane of P, so max{cx : x € P} = §. Suppose H
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contains no integral vectors. Then — by Lemma 5.11 — there exists a number y such
that yc is integral but y§ ¢ Z. Then

max{(|y|c)x : x € P} = |y|max{cx:x € P} = |y|§ ¢ Z,
contradicting our assumption. O

See also Gomory [1963], Fulkerson [1971] and Chvatal [1973] for earlier partial
results. By (a)<>(b) and Corollary 3.6 every face of an integral polyhedron is inte-
gral. The equivalence of (f) and (g) of Theorem 5.13 motivated Edmonds and Giles
to define TDI-systems:

Definition 5.14. (Edmonds and Giles [1977]) A system Ax < b of linear inequal-
ities is called totally dual integral (TDI) if the minimum in the LP duality equation

max {cx : Ax < b} = min{yb:yA=c, y >0}

has an integral optimum solution y for each integral vector ¢ for which the minimum
is finite.

With this definition we get an easy corollary of (g)=>(a) of Theorem 5.13:

Corollary 5.15. Let Ax < b be a TDI-system where A is rational and b is integral.
Then the polyhedron {x : Ax < b} is integral. O

But total dual integrality is not a property of polyhedra (cf. Exercise 8). In
general, a TDI-system contains more inequalities than necessary for describing the
polyhedron. Adding valid inequalities does not destroy total dual integrality:

Proposition 5.16. If Ax < b is TDI and ax < B is a valid inequality for {x :
Ax < b}, then the system Ax < b, ax < f is also TDL

Proof: Let ¢ be an integral vector such that min{yb + yf : yA+ya =c, y >
0, y > 0} is finite. Since ax < f is valid for {x : Ax < b},

min{yb: yA =c, y >0} = max{cx : Ax < b}
=max{cx : Ax < b, ax < f8}

=min{yb+yp:yA+ya=c,y=0y =0}

The first minimum is attained by some integral vector y*,so y = y*, y = 0isan
integral optimum solution for the second minimum. O

Theorem 5.17. (Giles and Pulleyblank [1979]) For each rational polyhedron P
there exists a rational TDI-system Ax < b with A integral and P = {x : Ax < b}.
Here b can be chosen to be integral if and only if P is integral.
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Proof: Let P = {x : Cx < d} with C and d integral. W.l.o.g., P # 0. For each
minimal face F of P let

Kr = {c:cz =max{cx :x € P}forall z € F}.

By Corollary 3.22 and Theorem 3.29, K r is a rational polyhedral cone. By Lemma
5.5 there exists an integral Hilbert basis ay, ..., a; generating Kr. Let S be the
system of inequalities

a1x < max{a;x:x € P}, ..., a;x < max{a;x:x € P}.

Let Ax < b be the collection of all these systems Sg (for all minimal faces F).
Note that if P is integral then b is integral. Moreover, P C {x : Ax < b}.

Let ¢ be an integral vector for which max {cx : x € P} is finite. The set of
vectors attaining this maximum is a face of P, so let F' be a minimal face such that

cz =max{cx :x € P} forall z € F.LetSF be the systemaj;x < fB1,...,a;x <
B:. Thenc = Ajay + -+ A,a, for some nonnegative integers A1, ..., A,. We add
zero componentsto Aq, ..., A, in order to get an integral vector A > 0 with A4 = ¢

and thus cx = (AA)x = A(Ax) < Ab = A(Az) = (AA)z = cz for all x with
Ax <bandallz € F.

Applying this for each row ¢ of C yields Cx < d for all x with Ax < b; and
thus P = {x : Ax < b}. Moreover, for general ¢ we conclude that A is an optimum
solution of the dual LP min{yb : y > 0, y4A = c}. Hence Ax < b is TDL

If P is integral, we have chosen b to be integral. Conversely, if b can be chosen
integral, by Corollary 5.15 P must be integral. O

Indeed, for full-dimensional rational polyhedra there is a unique minimal TDI-
system describing it (Schrijver [1981]). For later use, we prove that each “face” of
a TDI-system is again TDI:

Theorem 5.18. (Cook [1983]) Let Ax < b, ax < B be a TDI-system, where a is
integral. Then the system Ax < b, ax = B is also TDL

Proof: (Schrijver [1986]) Let ¢ be an integral vector such that

max {cx : Ax < b, ax = 8}

—min{yb+ - By A pn =0 A+ A—wa=c; O

is finite. Let x*, y*, A*, u* attain these optima. We set ¢’ := ¢+ [u*]a and observe
that

max {c’x : Ax < b, ax < B} = min{yb+AB:y,A >0, yA+ia =c'} (5.3)

is finite, because x := x™ is feasible for the maximum and y := y*, A := A* +
[n*] — p* is feasible for the minimum.

Since Ax < b, ax < Bis TDI, the minimum in (5.3) has an integral optimum
solution y,A. We finally set y := y, A := A and p := [u*] and claim that
(y, A, ) is an integral optimum solution for the minimum in (5.2).
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Obviously (y, A, u) is feasible for the minimum in (5.2). Furthermore,

yb+ (=B =3b+Ap— [ 1B
<Y+ AT+ W =B = u"1p

since (y*,A* + [u*] — u*) is feasible for the minimum in (5.3), and (¥, 1) is an
optimum solution. We conclude that

yo+ @A =wp = yh+ QA" —pu)p.
proving that (y, A, ) is an integral optimum solution for the minimum in (5.2). O

The following statements are straightforward consequences of the definition of
TDI-systems: A system Ax = b, x > 0is TDI if min{yb : yA > c} has an
integral optimum solution y for each integral vector ¢ for which the minimum is
finite. A system Ax < b, x > 0is TDI if min{yb : yA > ¢, y > 0} has an
integral optimum solution y for each integral vector ¢ for which the minimum is
finite. One may ask whether there are matrices A such that Ax < b, x > 0 is TDI
for each integral vector b. It will turn out that these matrices are exactly the totally
unimodular matrices.

5.4 Totally Unimodular Matrices

Definition 5.19. A matrix A is totally unimodular if each subdeterminant of A is
0, +1, or —1.

In particular, each entry of a totally unimodular matrix must be 0, 41, or —1.
The main result of this section is:

Theorem 5.20. (Hoffman and Kruskal [1956]) An integral matrix A is totally
unimodular if and only if the polyhedron {x : Ax < b, x > 0} is integral for each
integral vector b.

Proof: Let A be an m x n-matrix and P := {x : Ax < b, x > 0}. Observe that
the minimal faces of P are vertices.

To prove necessity, suppose that A is totally unimodular. Let » be some integral
vector and x a vertex of P. x is the solution of A’x = b’ for some subsystem
A'x < b of (4)x < (), with A’ being a nonsingular n x n-matrix. Since 4 is
totally unimodular, | det A’| = 1, so by Cramer’s rule x = (A’)~'4’ is integral.

We now prove sufficiency. Suppose that the vertices of P are integral for each
integral vector b. Let A’ be some nonsingular k x k-submatrix of A. We have to show
|det A’| = 1. W.l.o.g., A’ contains the elements of the first k rows and columns of A.

Consider the integral m x m-matrix B consisting of the first k and the last m —k
columns of (A 1) (see Figure 5.2). Obviously, | det B| = |det A'|.
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k n—k k m— k
k A’ 1 0
(AT
m -k 0 1
0 0 4
"
b4
Fig. 5.2.

To prove | det B| = 1, we shall prove that B~ is integral. Since det B det B~!
= 1, this implies that | det B| = 1, and we are done.

Leti € {1,...,m}; we prove that B7le; is integral. Choose an integral vector
y such that z :== y + B~le; > 0. Then b := Bz = By + e; is integral. We add
zero components to z in order to obtain z’” with

(Al)z' = Bz = b.

Now z”, consisting of the first n components of z’, belongs to P. Furthermore, n
linearly independent constraints are satisfied with equality, namely the first k& and

the last n — k inequalities of
A\ b

Hence z” is a vertex of P. By our assumption z” is integral. But then z’ must also be
integral: its first # components are the components of z”/, and the last m components
are the slack variables b — Az” (and A and b are integral). So z is also integral, and
hence B~1e; = z — y is integral. O

The above proof is due to Veinott and Dantzig [1968].

Corollary 5.21. An integral matrix A is totally unimodular if and only if for all
integral vectors b and ¢ both optima in the LP duality equation

max{cx : Ax < b, x >0} = min{yb:y >0, yA > c}

are attained by integral vectors (if they are finite).
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Proof: This follows from the Hoffman-Kruskal Theorem 5.20 by using the fact
that the transpose of a totally unimodular matrix is also totally unimodular. O

Let us reformulate these statements in terms of total dual integrality:

Corollary 5.22. Anintegral matrix A is totally unimodular if and only if the system
Ax < b, x > 0is TDI for each vector b.

Proof: If A (and thus A7) is totally unimodular, then by the Hoffman-Kruskal
Theorem min{yb : yA > ¢, y > 0} is attained by an integral vector for each vector
b and each integral vector ¢ for which the minimum is finite. In other words, the
system Ax < b, x > 0 is TDI for each vector b.

To show the converse, suppose Ax < b, x > 0 is TDI for each integral vector
b. Then by Corollary 5.15, the polyhedron {x : Ax < b, x > 0} is integral for each
integral vector . By Theorem 5.20 this means that A is totally unimodular. O

This is not the only way how total unimodularity can be used to prove that a
certain system is TDI. The following lemma contains another proof technique; this
will be used several times later (Theorems 6.14, 19.17 and 14.12).

Lemma 5.23. Ler Ax < b, x > 0 be an inequality system, where A € R™" and
b € R™. Suppose that for each ¢ € Z" for which min{yb : yA > ¢, y > 0} has an
optimum solution, it has one y* such that the rows of A corresponding to nonzero
components of y* form a totally unimodular matrix. Then Ax < b, x > 0is TDI.

Proof: Letc € 7", and let y* be an optimum solution of min{yb : y4A > ¢, y >
0} such that the rows of A corresponding to nonzero components of y* form a totally
unimodular matrix A’. We claim that

min{yb : yA > ¢,y > 0} = min{yb’': yA' > ¢,y > 0}, (5.4)

where b’ consists of the components of b corresponding to the rows of A”. To see
the inequality “<” of (5.4), observe that the LP on the right-hand side arises from
the LP on the left-hand side by setting some variables to zero. The inequality “>”
follows from the fact that y* without zero components is a feasible solution for the
LP on the right-hand side.

Since A’ is totally unimodular, the second minimum in (5.4) has an integral
optimum solution (by the Hoffman-Kruskal Theorem 5.20). By filling this solution
with zeros we obtain an integral optimum solution to the first minimum in (5.4),
completing the proof. O

A very useful criterion for total unimodularity is the following:

Theorem 5.24. (Ghouila-Houri [1962]) A matrix A = (a;;) € Z"™" is totally
unimodular if and only if for every R C {1, ... ,m} there is a partition R = Ry U
Ry such that
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Z aij — Z ai; € {—1,0,1}

i€R; i€R>
forall j =1,...,n.
Proof: Let A be totally unimodular, and let R C {1,...,m}. Let d, := 1 for

T

r € Randd, := 0 forr € {l,...,m} \ R. The matrix (_AAT) is also totally
1
unimodular, so by Theorem 5.20 the polytope

1 1
{x:fo’rEdA—‘,xAz{EdAJ,xfd,sz}

is integral. Moreover it is nonempty because it contains %d . So it has an integral
vertex, say z. Setting Ry :={r e R:z, =0}and R, :={r € R:z, = 1} we
obtain

doa— Y ay = (d-22)4 € {-1,0.1}",

i€R i€R> 1<j<n

as required.

We now prove the converse. By induction on k we prove that every k x k-
submatrix has determinant 0, 1 or —1. For k = 1 this is directly implied by the
criterion for |R| = 1.

Now let k > 1, and let B = (b;;); jeq1,....k) be a nonsingular k x k-submatrix

. ’ .
of A. By Cramer’s rule, each entry of B~! is C(lf:[% , where B’ arises from B

by replacing a column by a unit vector. By the induction hypothesis, det B’ €
{=1,0,1}. So B* := (det B)B~! is a matrix with entries —1, 0, 1 only.

Let b} be the first row of B*. We have b B = (det B)e;, where ey is the first
unit vector. Let R := {i : b]; # 0}. Thenfor j =2,...,k wehave 0 = (b]B); =
Y icrbi;bij.so [{i € R:b;j # 0}]iseven.

By the hypothesis there is a partiion R = R; U R, with > ier, bij —
ZieRz bij € {—1,0,1} for all j. So for j = 2,...,k we have ZieRl bij —
D ier, bij = 0. If also Y ;cp, bit — X ;cp, bir = 0, then the sum of the rows
in R; equals the sum of the rows in R;, contradicting the assumption that B is
nonsingular (because R # @).

So > ier, bit — Xicr, bir € {—1,1} and we have yB € {e1, —e1}, where

1 ifi € Ry
yi :==49—1 ifi € R, .
0 ifi ¢ R

Since by B = (det B)e; and B is nonsingular, we have b} € {(det B)y, —(det B)y}.
Since both y and bi“ are nonzero vectors with entries —1, 0, 1 only, this implies that
|detB| = 1. O

We apply this criterion to the incidence matrices of graphs:
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Theorem 5.25. The incidence matrix of an undirected graph G is totally unimod-
ular if and only if G is bipartite.

Proof: By Theorem 5.24 the incidence matrix M of G is totally unimodular if and
only if for any X C V(G) there is a partition X = A U B such that E(G[A4]) =
E(G[B]) = @. By definition, such a partition exists iff G[X] is bipartite. O

Theorem 5.26. The incidence matrix of any digraph is totally unimodular.

Proof: Using Theorem 5.24, it suffices to set R; := R and R, := § for any
R CV(G). O

Applications of Theorems 5.25 and 5.26 will be discussed in later chapters. The-
orem 5.26 has an interesting generalization to cross-free families:

Definition 5.27. Let G be a digraph and F a family of subsets of V(G). The one-
way cut-incidence matrix of F is the matrix M = (mx.e)xer,ecE(G) Where

1 ifeedt(X)
0 ifegdt(X)

mx.e =

The two-way cut-incidence matrix of F is the matrix M = (mMx.e)xer, ecE(G)
where

-1 ifeeds (X)
mxe = 31 ife€dt(X).
0 otherwise

Theorem 5.28. Let G be a digraph and (V(G), F) a cross-free set system. Then
the two-way cut-incidence matrix of F is totally unimodular. If F is laminar, then
also the one-way cut-incidence matrix of F is totally unimodular:

Proof: Let F be some cross-free family of subsets of V(G). We first consider the
case when F is laminar.

We use Theorem 5.24. To see that the criterion is satisfied, let R € F, and
consider the tree-representation (7, ¢) of R, where T is an arborescence rooted at
r (Proposition 2.14). With the notation of Definition 2.13, R = {S. : e € E(T)}.
Set R1 := {Sw,w) € R : distr(r,w) even} and R, := R \ Ri. Now for any edge
f € E(G), theedgese € E(T) with f € §(S,) form a path Py in T (possibly of
zero length). So

HX eRi: fedT (X} —{X €eRy: f €87 (X)}] € {~1,0,1},

as required for the one-way cut-incidence matrix.
Moreover, for any edge f the edges e € E(T) with f € §7(S.) form a path
Qf inT. Since Py and Qr have a common endpoint, we have
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HX eRi: fedtTX)—{X eRy: f et (X))}
KX eR1: fed (X} +RXeRa: fed (X)) €{-1,0,1},

as required for the two-way cut-incidence matrix.
Now if (V(G), F) is a general cross-free set system, consider

F = {XeF:rdX)UV(G\X:XeF reX)

for some fixed r € V(G). F' is laminar. Since the two-way cut-incidence matrix of
JF is a submatrix of (_1‘14” ), where M is the two-way cut-incidence matrix of F’, it
is totally unimodular, too. O

For general cross-free families the one-way cut-incidence matrix is not totally
unimodular; see Exercise 13. For a necessary and sufficient condition, see Schrijver
[1983]. The two-way cut-incidence matrices of cross-free families are also known
as network matrices (Exercise 14).

Seymour [1980] showed that all totally unimodular matrices can be constructed
in a certain way from these network matrices and two other totally unimodu-
lar matrices. This deep result implies a polynomial-time algorithm which decides
whether a given matrix is totally unimodular (see Schrijver [1986]).

5.5 Cutting Planes

In the previous sections we considered integral polyhedra. For general polyhedra P
we have P D Py. If we want to solve an integer linear program max {cx : x € Pr},
it is a natural idea to cut off certain parts of P such that the resulting set is again
a polyhedron P’ and we have P O P’ D P;. Hopefully max {cx : x € P’} is
attained by an integral vector; otherwise we can repeat this cutting-off procedure
for P’ in order to obtain P” and so on. This is the basic idea behind the cutting
plane method, first proposed for a special problem (the TSP) by Dantzig, Fulkerson
and Johnson [1954].

Gomory [1958, 1963] found an algorithm which solves general integer programs
with the cutting plane method. In this section we restrict ourselves to the theoretical
background. Gomory’s algorithm does not run in polynomial time and has little
practical relevance in its original form. However, the general idea of cutting plane
methods is used very often and successfully in practice. We shall discuss this in
Section 21.6. The following presentation is mainly based on Schrijver [1986].

Definition 5.29. Let P C R" be a convex set. Then we define

P := () Hi,

where the intersection ranges over all rational affine half-spaces H = {x : cx < §}
containing P. We set P© := P and POtV = (P(i))/. P® s called the i-th
Gomory-Chvatal-truncation of P.



118 5 Integer Programming

If P is a rational polyhedron, then P’ is also a rational polyhedron, as we will
show below. Therefore P O P’ 2 P® D ... D> Py and P; = (P’);. We remark
that Dadush, Dey, and Vielma [2011] proved that if P is any compact convex set,
then P’ is a rational polytope.

Proposition 5.30. For any rational polyhedron P = {x : Ax < b},
P’ = {x :uAx < |ub] forallu > 0 with uA integral }.

Proof: We first make two observations. For any rational affine half-space H =
{x : cx < §} with ¢ integral we obviously have

H = H; C {x:cx <|8]}. (5.5)

If in addition the components of ¢ are relatively prime (i.e., their greatest common
divisor is 1), we claim that

H = H;y = {x:cx < [§]}. (5.6)

To prove (5.6), let ¢ be an integral vector whose components are relatively prime.
By Lemma 5.11 the hyperplane {x : cx = |§]} contains an integral vector y. For
any rational vector x € {x : cx < |§]} let @ € N such that «x is integral. Then we
can write

1 oa—1
x = —(ax—(@—Dy)+ —.
o o

i.e. x is a convex combination of integral points in H. Hence x € Hj, implying
(5.6).

We now turn to the main proof. To see “C”, observe that for any u > 0, {x :
uAx < ub} is a half-space containing P, so by (5.5) P’ C {x : udx < |ub]}if
uA is integral.

We now prove “2”. For P = § this is easy, so we assume P # @. Let H =
{x : cx < §} be some rational affine half-space containing P. W.l.o.g. ¢ is integral
and the components of ¢ are relatively prime. We observe that

8§ > max {cx : Ax < b} = min {ub :uAd =c,u > 0}.
Now let u* be any optimum solution for the minimum. Then for any
7 € {x:udx < |ub] forall u >0 with uA integral} C {x :u*Ax < |u*b]}

we have:
cz = u*Az < |[u*b| < |§]

which, using (5.6), implies z € Hj. |

Below we shall prove that for any rational polyhedron P there is a number ¢
with P; = P®. So Gomory’s cutting plane method successively solves the linear
programs over P, P/, P”, and so on, until the optimum is integral. At each step only
a finite number of new inequalities have to be added, namely those corresponding
to a TDI-system defining the current polyhedron (recall Theorem 5.17):
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Theorem 5.31. (Schrijver [1980]) Let P = {x : Ax < b} be a polyhedron with
Ax < b TDI, A integral and b rational. Then P’ = {x : Ax < |b]|}. In particular
for any rational polyhedron P, P' is also a rational polyhedron.

Proof: The statement is trivial if P is empty, so let P # @. Obviously P’ C {x :
Ax < |b]}. To show the other inclusion, let ¥ > 0 be a vector with u A integral. By
Proposition 5.30 it suffices to show that uAx < |ub] for all x with Ax < |b].

We know that

ub > max{uAdx : Ax <b} = min{yb:y >0, yA = uA}.

Since Ax < b is TDI, the minimum is attained by some integral vector y*. Now
Ax < |b] implies

udx = y"Ax < y*|b] = |y*b] < |ub].
The second statement follows from Theorem 5.17. O
To prove the main theorem of this section, we need two more lemmas:

Lemma 5.32. [f F is a face of a rational polyhedron P, then F' = P' N F. More
generally, FO = PO N F foralli e N.

Proof: Let P = {x : Ax < b} with A integral, b rational, and Ax < b TDI (recall
Theorem 5.17).

Now let F = {x : Ax < b, ax = 8} be a face of P, where ax < f is a valid
inequality for P with ¢ and B integral.

By Proposition 5.16, Ax < b, ax < f is TDI, so by Theorem 5.18, Ax < b,
ax = B is also TDI. As f is an integer,

P'NF ={x:Ax < |b], ax = B}
={x:1Ax = [b], ax = |B]., ax = [B]}
=F'.

Here we have used Theorem 5.31 twice.

Note that F’ is either empty or a face of P’. Now the statement follows by
induction on i: For each i, F® is either empty or a face of P and F® =
PONFED = pONPE-DAF)=pPODNF. m|

Lemma 5.33. Let P be a polyhedron in R" and U a unimodular n x n-matrix.
Write f(P) := {Ux : x € P}. Then f(P) is again a polyhedron. Moreover, if P is
a rational polyhedron, then (f(P)) = f(P’) and (f(P)); = f(Pr).

Proof: Since f : R" — R”", x — Ux is a bijective linear function, the first
statement is obviously true. Since also the restrictions of f and f~! to Z" are
bijections (by Proposition 5.9) we have
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(f(P))y =conv({y € Z" : y = Ux, x € P})
=conv({y e R":y=Ux,x € P, x €Z"})
=conv({y e R": y = Ux, x € P;})
= f(Pr).

Let P = {x : Ax < b} with Ax < b TDI, A integral, b rational (cf. Theorem 5.17).
Then by definition AU ~!x < b is also TDI. Using Theorem 5.31 twice we get

(f(P)) = {x: AU 'x =by = {x: AU 'x < |b]} = f(P").
O

Theorem 5.34. (Schrijver [1980]) For each rational polyhedron P there exists a
number t such that P® = Py.

Proof: Let P be a rational polyhedron in R”. We prove the theorem by induction
onn + dim P. The case P = @ is trivial, the case dim P = 0 is easy.

First suppose that P is not full-dimensional. Then P C K for some rational
hyperplane K.

If K contains no integral vectors, K = {x : ax = B} for some integral vector
a and some non-integer 8 (by Lemma 5.11). But then P’ C {x : ax < |B], ax >
[Bl} =0 = Pr.

If K contains integral vectors, say K = {x : ax = B} with a integral, § an
integer, we may assume 8 = 0, because the theorem is invariant under translations
by integral vectors. By Lemma 5.10 there exists a unimodular matrix U with aU =
aey. Since the theorem is also invariant under the transformation x — U~ 'x (by
Lemma 5.33), we may assume a = «e;. Then the first component of each vector
in P is zero, and thus we can reduce the dimension of the space by one and apply
the induction hypothesis (observe that ({0} x Q); = {0} x Q; and ({0} x 0)® =
{0} x Q® for any polyhedron Q in R”~! and any ¢ € N).

Let now P = {x : Ax < b} be full-dimensional, and w.l.o.g. A integral. By
Theorem 5.1 there is some integral matrix C and some vector d with Py = {x :
Cx < d}. Inthe case Py = G weset C := Aandd := b — A'l, where A’
arises from A by taking the absolute value of each entry. (Note that {x : Ax <
b—A'1}=0.)

Let cx < § be an inequality of Cx < d. We claim that PO C H = {x:cx <
8} for some s € N. This claim obviously implies the theorem.

First observe that there is some 8 > § such that P C {x : cx < f}: in the case
P; = 0 this follows from the choice of C and d; in the case P; # @ this follows
from Proposition 5.2.

Suppose our claim is false, i.e. there is an integer y with § < y < B for which
there exists an so € N with P(0) C {x : ¢x < y}, but there is no s € N with
PO Cix:cx<y—1}.

Observe that max{cx : x € P®} = y forall s > sp, because if max{cx : x €
P} <y for some s, then PO C {x:ex <y —1}.
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Let F := P@0) N {x:cx = y}. Fisafaceof P anddim F < n = dim P.
By the induction hypothesis, there is a number s; such that

FGOD = F, C PrN{x:cx=y} = 0.
By applying Lemma 5.32 to F and P ) we obtain
g = FOVU = pbotsunp = plotsinfy:cx =y}
Hence max{cx : x € PGoTsD} <y a contradiction. O
This theorem also implies the following:

Theorem 5.35. (Chvétal [1973]) For each polytope P there is a number t such
that P® = Py.

Proof: As P is bounded, there exists some rational polytope O > P with
Q1 = Py (take a hypercube containing P and intersect it with a rational half-space
containing P but not z for each integral point z which belongs to the hypercube but
not to P; cf. Exercise 20 of Chapter 3). By Theorem 5.34, Q(’ ) = Qg for some t.
Hence P; € PO c 0 = Q; = Py, implying P = P;. O

This number ¢ is called the Chvatal rank of P. If P is neither bounded nor
rational, one cannot have an analogous theorem: see Exercises 1 and 17.

A more efficient algorithm which computes the integer hull of a two-dimen-
sional polyhedron has been found by Harvey [1999]. A version of the cutting plane
method which, in polynomial time, approximates a linear objective function over an
integral polytope given by a separation oracle was described by Boyd [1997]. Cook,
Kannan and Schrijver [1990] generalized the Gomory-Chvétal procedure to mixed
integer programming. Eisenbrand [1999] showed that it is coNP-complete to decide
whether a given rational vector is in P’ for a given rational polyhedron P.

5.6 Lagrangean Relaxation

Suppose we have an integer linear program max{cx : Ax < b, A’x < b/, x
integral} that becomes substantially easier to solve when the constraints A’x < b’
are omitted. We write Q := {x € Z" : Ax < b} and assume that we can opti-
mize linear objective functions over Q (for example if conv(Q) = {x : Ax < b}).
Lagrangean relaxation is a technique to get rid of some troublesome constraints (in
our case A’x < b’). Instead of explicitly enforcing the constraints we modify the
objective function in order to punish infeasible solutions. More precisely, instead of
optimizing

max{c ' x: A'x <b', x € O} (5.7)

we consider, for any vector A > 0,



122 5 Integer Programming
LR(A) = max{c'x +AT () —A'x):x € Q). (5.8)

For each A > 0, LR(A) is an upper bound for (5.7) which is relatively easy to
compute. (5.8) is called the Lagrangean relaxation of (5.7), and the components
of A are called Lagrange multipliers.

Lagrangean relaxation is a useful technique in nonlinear programming; but here
we restrict ourselves to (integer) linear programming.

Of course one is interested in as good an upper bound as possible. Observe that
A — LR(A) is a convex function. The following procedure (called subgradient
optimization) can be used to minimize LR(A):

Start with an arbitrary vector A0 > 0. In iteration i, given AU ), find a vector
x maximizing ¢Tx + (AD)T (b’ — A’x) over Q (i.e. compute LR(A?)). Note
that LR(A) — LR(AD) > (A — AO)T(p' — A/xD) forall A, ie. b’ — A'xD is a
subgradient of LR at A®. Set A+ := max{0,A® — 1; (b’ — A’x®)} for some
t; > 0. Polyak [1967] showed that if lim; 5 #; = 0 and Z;’io tji = oo, then
lim; 0o LR(A®) = min{LR(1) : A > 0}. For more results on the convergence of
subgradient optimization, see Goffin [1977] and Anstreicher and Wolsey [2009].

The problem to find the best such upper bound, i.e.

min{LR(A) : A > 0},

is sometimes called the Lagrangean dual of (5.7). We will show that the minimum
is always attained unless {x : Ax < b, A’x < b’} = @. The second question that we
address is how good this upper bound is. Of course this depends on the structure of
the original problem. In Section 21.5 we shall meet an application to the TSP, where
Lagrangean relaxation is very effective. The following theorem helps to estimate the
quality of the upper bound:

Theorem 5.36. (Geoffrion [1974]) Let ¢ € R, A’ € R™" and b’ € R™. Let
O < R" such that conv(Q) is a polyhedron. Suppose that max{c"x : A'x <
b', x € conv(Q)} has an optimum solution. Let LR(A) := max{c"x + AT (b’ —
A'x) : x € Q}. Then inf{LR(L) : A > 0} (the optimum value of the Lagrangean
dual of max{c"x : A’x < b, x € Q}) is attained by some A, and the minimum is
equal to max{c"x : A’x < b, x € conv(Q)}.

Proof: Let conv(Q) = {x : Ax < b}. By using the LP Duality Theorem 3.20
twice and reformulating we get
max{c'x : x € conv(Q), A'x < b’}

=max{c x:Ax <b, A'x <b"}

=min{A")' +y"h:yTA+A1TA =T, y>0,1>0}

=min{A"d' + min{y"b:y"A=c"—1TA y=0}:1>0}

=min {15 + max{(c" —ATA)x: Ax <b}: 1 >0}

= min {max{c'x + A7 (b’ — A’x) : x € conv(Q)} : 1 > 0}

= min {max{c 'x + A" (b’ — A'x):x € 0} : 1 = 0}

=min{LR(A) : A > 0}.
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The third line, an LP, shows that there is a A attaining the minimum. Oa

In particular, if we have an integer linear program max{cx : A’x < b’, Ax <
b, x integral} where {x : Ax < b} is integral, then the Lagrangean dual (when
relaxing A’x < b’ as above) yields the same upper bound as the standard LP relax-
ation max{cx : A’x < b’, Ax < b}.If {x : Ax < b} is not integral, the upper
bound is in general stronger (but can be difficult to compute). See Exercise 21 for
an example.

Lagrangean relaxation can also be used to approximate linear programs. For
example, consider the JOB ASSIGNMENT PROBLEM (see (1.1) in Section 1.3). The
problem can be rewritten equivalently as

min T:Zx,-jzt,- (i=1,....n), (x,T)eP (5.9)
JES;

where P is the polytope

(x,T):Ofx,-jfti (iZl,...,n,jES,'),

Z x,-jfT(j =1,...,m),

i:jeS;
n

T < Zz,- § .
i=1

Now we apply Lagrangean relaxation and consider

n
LRV == min T+ Y A [t —= Y xij | :(x.T)ePy. (5.10)
i=1 JES;

Because of its special structure this LP can be solved by a simple combinatorial
algorithm (Exercise 23), for arbitrary A. If we let Q be the set of vertices of P (cf.
Corollary 3.32), then we can apply Theorem 5.36 and conclude that the optimum
value of the Lagrangean dual max{LR(A) : A > 0} equals the optimum of (5.9).

Exercises

1. Let P := {(x, y)eR?:y < «/Ex} Prove that Py is not a polyhedron. Show
a polyhedron P where even the closure of P; is not a polyhedron.

2. Let P = {x € RF¥*! : Ax < b} be a rational polyhedron. Show that conv(P N
(ZF x R!)) is a polyhedron.
Hint: Generalize the proof of Theorem 5.1.
Note: This is the basis of mixed integer programming. See Schrijver [1986].
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10.

11.

12.
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. Prove the following integer analogue of Carathéodory’s theorem (Exercise 15

of Chapter 3): For each pointed polyhedral cone C = {x € Q" : Ax < 0}, each

Hilbert basis {a;,...,a;} of C, and each integral point x € C there are 2n — 1
vectors among ai, ..., d; such that x is a nonnegative integer combination of
those.

Hint: Consider an optimum basic solution of the LP max{y1l: yA = x, y > 0}
and round the components down.

Note: The number 2n — 1 was improved by Sebd [1990] to 2n — 2. It cannot be
improved to less than L%n] (Bruns et al. [1999]).

(Cook, Fonlupt and Schrijver [1986])

. Let C = {x : Ax > 0} be a rational polyhedral cone and b some vector with

bx > 0 for all x € C \ {0}. Show that there exists a unique minimal integral
Hilbert basis generating C.
(Schrijver [1981])

. Let A be an integral m x n-matrix, and let b and ¢ be vectors, and y an optimum

solution of max {cx : Ax < b, x integral}. Prove that there exists an optimum
solution z of max {c¢x : Ax < b} with ||y — Z||co < RE(A).
(Cook et al. [1986])

. Prove that each unimodular matrix arises from an identity matrix by a unimod-

ular transformation.
Hint: Recall the proof of Lemma 5.10.

. Prove that there is a polynomial-time algorithm which, given an integral matrix

A and an integral vector b, finds an integral vector x with Ax = b or decides
that none exists.
Hint: See the proofs of Lemma 5.10 and Lemma 5.11.

. Consider the two systems

11 0

0 ) () =(g) = GA)()=6)

1-1) \72 0 2
They clearly define the same polyhedron. Prove that the first one is TDI but the
second one is not.

. Leta # 0 be an integral vector and f a rational number. Prove that the inequal-

ity ax < B is TDIif and only if the components of a are relatively prime.

Let Ax < bbe TDL k € N and o > 0 rational. Show that %Ax < b is again
TDI. Moreover, prove that «Ax < ab is not necessarily TDI.

Use Theorem 5.25 in order to prove Konig’s Theorem 10.2 (cf. Exercise 2 of
Chapter 11):

The maximum cardinality of a matching in a bipartite graph equals the mini-
mum cardinality of a vertex cover.

Show that A = (—11 (%) é) is not totally unimodular, but {x : Ax = b} is integral

for all integral vectors b.
(Nemhauser and Wolsey [1988])
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Let G be the digraph ({1,2,3,4},{(1,3),(2,4),(2,1),(4,1),(4,3)}), and let
F = {{1,2,4},{1,2},{2},{2, 3,4}, {4}}. Prove that (V(G), F) is cross-free
but the one-way cut-incidence matrix of F is not totally unimodular.

Let G and T be digraphs such that V(G) = V(T) and the undirected graph
underlying 7 is a tree. For v,w € V(G) let P(v, w) be the unique undirected
pathfromvtow in T'. Let M = (mf)reE(T),ecE(G) be the matrix defined by

1 if (x,y) € E(P(v,w)) and (x,y) € E(P(v,))
My),ww) = y—1 if(x,y) € E(P(v,w))and (x,y) € E(P(v,x)) .
0 if (x,y) ¢ E(P(v,w))

Matrices arising this way are called network matrices. Show that the network

matrices are precisely the two-way cut-incidence matrices of cross-free set sys-

tems.

An interval matrix is a 0-1-matrix such that in each row the 1-entries are con-

secutive. Prove that interval matrices are totally unimodular.

Note: Hochbaum and Levin [2006] showed how to solve optimization problems

with such matrices very efficiently.

Consider the following interval packing problem: Given a list of intervals

[a;,b;i], i = 1,...,n, with weights c;,...,c, and a number k € N, find a

maximum weight subset of the intervals such that no point is contained in more

than k of them.

(a) Find an LP formulation (without integrality constraints) of this problem.

(b) Consider the case k = 1. What combinatorial meaning has the dual LP?
Show how to solve the dual LP by a simple combinatorial algorithm.

(c) Use (b) to obtain an algorithm for the interval packing problem in the case
k = 1 which runs in O(n logn) time.

(d) Find a simple O(n log n)-algorithm for general k and unit weights.

Note: See also Exercise 11 of Chapter 9.

Let P :={(x.y) e R2:y = 2x,x >0}and Q0 := {(x,y) e R2: y =

V2x}. Prove that P®) = P # P; forallr € Nand Q' = R2.

Let P be the convex hull of the three points (0, 0), (0, 1) and (k, %) in R?, where

k € N. Show that P@k=1 £ p; but PCK) = p;.

Let P C [0, 1]" be a polytope in the unit hypercube with P; = @. Prove that

then P™ = g.

Note: Eisenbrand and Schulz [2003] proved that p(n?(tlogm) — P; for any

polytope P C [0, 1]". See also Pokutta and Schulz [2010].

In this exercise we apply Lagrangean relaxation to linear equation systems. Let

O be a finite set of vectors in R”, ¢ € R” and A’ € R™*" and b’ € R™. Prove

that

min {max{c'x + A" ()’ — A'x) : x € Q}: L € R"}
=max{c'y:y € conv(Q), A’y =b'}.
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Consider the following facility location problem: Given a set of n customers
with demands d, . . ., d,, and m optional facilities each of which can be opened
or not. For each facilityi = 1,...,m we have a cost f; for opening it, a capacity
u; and a distance ¢;; to each customer j = 1,...,n. The task is to decide
which facilities should be opened and to assign each customer to an open facil-
ity. The total demand of the customers assigned to one facility must not exceed
its capacity. The objective is to minimize the facility opening costs plus the
sum of the distances of each customer to its facility. In terms of INTEGER PRO-
GRAMMING the problem can be formulated as

min Zc,-jx,'j + Zﬁyi : Zdjx,'j <Uu;yi, inj =1, x;.yi € 10,1}
i,j i J i

Apply Lagrangean relaxation in two ways, once relaxing Zj dixij < u;y;
for all 7, then relaxing ) ; x;; = 1 for all j. Which Lagrangean dual yields a
tighter bound?

Note: Both Lagrangean relaxations can be dealt with: see Exercise 7 of

Chapter 17.

Consider the UNCAPACITATED FACILITY LOCATION PROBLEM: given num-
bersn, m, fiandc;; (i =1,...,m, j = 1,...,n), the problem can be formu-
lated as

min ZCU‘X{J‘ + Zf,-y,- : inj =1, x;j < yi, Xij, i € 10,1}
i,j i i

For § C {1,...,n} we denote by c(S) the cost of supplying facilities for the
customers in S, i.e.

min Zc,-‘,-x,-j +Zﬁyi : Zx,-j =1forj eSS, x;j <yi, xij,yi €{0,1};.
i

i,j i

The cost allocation problem asks whether the total cost ¢({1,...,n}) can be
distributed among the customers such that no subset S pays more than ¢(S). In
other words: are there numbers py, ..., p, such that 2}1:1 pi =c({l,...,n})

and ZjeS pj < c(S)forall § € {1,...,n}? Show that this is the case if and
only if c({1,...,n}) equals

min Zcijxij + Zfiyi : inj =1 xi; <yi,xij,yi =20,
iJ i i

i.e. if the integrality conditions can be left out.

Hint: Apply Lagrangean relaxation to the above LP. For each set of Lagrange

multipliers decompose the resulting minimization problem to minimization

problems over polyhedral cones. What are the vectors generating these cones?
(Goemans and Skutella [2004])
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23. Describe a combinatorial algorithm (without using LINEAR PROGRAMMING)
to solve (5.10) for arbitrary (but fixed) Lagrange multipliers A. What running
time can you achieve?
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